The University of Texas UNIVERSITY TRANSPORTATION CENTER FOR

RioGrande Valley RAILWAY
SAFETY

Enhancing the TAMU Model for Predicting Buckling in Rails

David H. Allen

Professor

Director, Center for Railway Research

Ocean Engineering Department

Texas A&M University/Texas A&M Transportation Institute

Yong-Rak Kim

Professor

Associate Director, Center for Railway Research
Civil Engineering Department

Texas A&M University

A Report on Research Sponsored by

University Transportation Center for Railway Safety (UTCRS)

Texas A&M University

September 30, 2024

z Texas A&M N BW[RS”YIOFQ' p_\;\i% (
/‘ Transportation enIas . g m RIVERSIDE )
Al |nstitute Lincoln South Carolina sourn rexas

The University of Texas Rio Grande Valley / 1201 West University Drive / Engineering Portable EPOB4 1.100 / Edinburg, Texas 78539-2999
Phone: +1 (956) 665-8878 / railwaysafety@utrgv.edu / railwaysafety.utrgv.edu


mailto:railwaysafety@utrgv.edu
http://railwaysafety.utpa.edu/
http://tti.tamu.edu

Technical Report Documentation Page

1.

4.

Report No. 2. Government Accession No. [3. Recipient's Catalog No.
UTCRS-TAMU-I1CY23
Title and Subtitle 5. Report Date

September 30, 2024
Enhancing the TAMU Model for Predicting Buckling in Rails

6. Performing Organization Code

UTCRS-TAMU
7. Author(s) 8. Performing Organization Report No.
D.H. Allen, T.-M. Liu, and Y.-R. Kim CRR-2024-02
9. Performing Organization Name and Address 10. Work Unit No. (TRAIS)
University Transportation Center for Railway Safety (UTCRS)
Texas A&M Transportation Institute (TTI)
Texas A&M University (TAMU) 11. Contract or Grant No.
College Station, TX 77843 69A3552348340
12. Sponsoring Agency Name and Address 13. Type of Report and Period Covered
U.S. Department of Transportation (USDOT) Project Report
University Transportation Centers Program June 1, 2023-August 31, 2024
1200 New Jersey Ave. SE 14. Sponsoring Agency Code
Washington, DC, 20590 USDOT UTC Program
15. Supplementary Notes

Conducted in collaboration with MxV Rail

16. Abstract

It is well-known that track buckling is one of the most commonplace causes of train derailments.
Accordingly, with partial funding provided by our previous USDOT UTC and the Technology
Transportation Center, Inc., we have begun developing a Beta-version track buckling model for
deployment by U.S. Railroad Companies as a tool for predicting track buckling. A significant
advancement over currently deployed track buckling models, our technology includes an open-source
nonlinear finite element algorithm that is user-friendly. Briefly, our track buckling model accounts for
the effects of the following on track buckling: both longitudinal and lateral track walk; rail neutral
temperature (RNT); both lateral and longitudinal crossticaggregate interfacial friction; track modulus;
nonlinear track liftoff; and broken spikes. In addition, it is sufficiently robust to be capable of accounting
for additional environmental causes to be described herein and in a companion proposal. Given these
advanced capabilities, track engineers will be able to dramatically improve track safety. The report given
herein is a draft of a paper to be submitted for publication in a refereed journal.

17. Key Words 18. Distribution Statement
Construction, Maintenance, Civil Engineering, This report is available for download from
Railroad Tracks, Buckling https://www.utrgv.edu/railwaysafety/research/inf
rastructure/index.htm
19. Security Classification (of this [20. Security Classification (of 21. No. of Pages [22. Price
report) None this page) None 30



https://www.utrgv.edu/railwaysafety/research/infrastructure/index.htm
https://www.utrgv.edu/railwaysafety/research/infrastructure/index.htm

Table of Contents

LSt Of FIGUIEScuuueiiiiiinniiinisnnricissnnicssssnnsecsssssssesssssssessssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnans 4
LISt Of TADIES c.uccuneeneerenientinientenentesnestensnesnesnessesssessnsssesssssssssssssasssssssesssssssssssssasssssssessasssssssesss 4
LiSt Of ADDIEVIALIONS ccuueeueiruiniinienniiiennnsnenensecsnenneseessesssssnsssessasssssssesssssssssssssasssssssessassassssesss 5
DISCIAIMET c.cuueeeeeirniennenseenneensneesninsnenssesssnssssssssnssssesssnsssssssssssssssssssssssssasssssssssssssssssssssassssassssasssnes 5
ACKNOWICUZIMENLS «.c.ouueeriuerirensannssnnnsannssnnsssnesssesssnssnesssnsssssssasssssssssssssssssasssssssssssssssssssssassssassssasssnes 5
ADSEEACE.ccuueeueereneertenaenensteestesnesseessessssssnsssessnsssesssessssssssssessaessasssessasssssssesssessassssssasssssssssssessasssess 6
1. INEFOAUCTION cuueeneenrerniininneneennnnnenessaeesaesnessesssessnsssesssesssessessssssasssssssessasssesssessasssssssessassanss 6
2. Model DevelOPMENt......cccicvericesssrrecssssssiccsssnsessssssssesssssssssssssssssssssssssssssssssssssssssssssssssssssssssass 8
2.1. Overview of The Track StIUCLUTE .......c.cvuiiiiiiiieriiriee ettt 9
2.2. Effects 0n the TracK........coocoviiiiiiiiiiee e 9
2.3. Boundary Value ProbIem ...........cccioviiiiiiiiiiiicieceee et ettt stn e s seveeveeveesaee s 12
2.4. Finite Element Method ..........coccouioiiiiiiiiiiiiccete ettt 16
2.5. Accounting for NONINEATILY ........ccecvviiriiiiiecieiie ettt eveeveeve e teesteeseseseseesveesveenaeens 18
2.6. Force-Control AIZOTItRIM..........c.coiiiiiiiiiiciieciecie ettt ettt eveeveeveesbeestbesevesraeesveesreesaeens 19
3 RESUILS uuenieieeentenieieentenecstesaienessessessessesanessessnessesssessssssssssessasssasssessssssssssessasssassassssssans 20
3.1. Effects of Lateral Tie-Ballast ReSIStance ...........ceceevueruirieniiieiiniieieeeeeeesiceeeee e 22
3.2 Effects of Misalignment AMPLItUAE ........ccceeviiriiiiiieiiieiieee e seee s 25
3.3. Effects of Misalignment Width ...........cccveviiiiiiiiiiieiicieeee e saee 26
T TN 1) 1 10 L1 1 ) | TN 27
REICIEICES c.cnnueernrinerenreniinntensientinstentessnsssansssnesssnssssessanssssssssssssssssassssassssssssssssassssassssnsssssssassse 28



List of Figures

Figure 1: Photograph showing thermally induced buckling of a railway (reprinted with permission from
ABproTWE, CC BY-SA 3.0, via Wikimedia COMIMONS) ......c.ccoverrieiieeiierieiieecieesreeereereereesreesinessneesve e 7
Figure 2: Generic rail with right-handed coordinate system as ShOWN........c..cccvevieriiiiieviienieneecee e 9

Figure 3: Photograph showing the operation of a single-tie push test experiment conducted by MxV Rail,

PUEDIO, CO oottt ettt e e et e e st e e e e sat et e e sataeeesntaeessaataeessstaeessnstaeessans 10
Figure 4: Demonstration of the lateral tie-ballast resistance |Fy (v)| vs. lateral displacements v curve, for
FCr=1000, VCI = 1, ¥ = 0.1 1ottt ettt ettt e st e et e e s be e etaeessbeeessaeesssaesnsaeansseensseeenses 11
Figure 5: Demonstration of the rotational resistance induced by fasteners and ties.........c.cccveeeveevveevieennnnns 11
Figure 6: Demonstration of the normal stress components of an infinitesimal element within the rail ..... 13

Figure 7: Resultant forces and moments applied to a differential element within the rail in the (a) x-y plane,
ANA (D) X-Z PLANE ..ottt ettt ettt e st e st e st e s be e be e bt e aeeanbeenseen s e et e e taesraesrnennseenreenne 14
Figure 8: Demonstration of the axial load vs. maximum lateral displacement curve for a beam buckling
problem while Using 10ad CONLTOL..........cccuiiiiiiiieiierierte et e steesaesstessbessseeseesnesnnes 20
Figure 9: Demonstration of the rail geometry in the x-y plane when initial imperfections are applied (the
track system is depicted as @ SINGIE CUIVE) ....ccveeiiiriieiiieie ettt eesteestee st e s resnbeesaessnesnnes 22
Figure 10: Predicted effect of maximum lateral ballast-tie resistance change on buckling temperature of a
EYPICAL TALL SEIUCLUTE ..veevieiieeieeiteieete ettt ettt e stee st e st e e be e e e seessaessseesseensaesseessaesssesssennsesnseenseenssesnss 23
Figure 11: Maximum lateral displacement vs. applied temperature change before buckling with various
maximum lateral ballast-tie resistance applied to a typical rail StrUCIUIE ........c.coovievrierreerieiiecre e, 23
Figure 12: Predicted effect of maximum lateral ballast-tie resistance change on buckling temperature of a
107200 (6221 I8 = VU Y2 (o701 (SRR 24
Figure 13: Maximum lateral displacement vs. applied temperature change before buckling with various
maximum lateral ballast-tie resistance applied to a typical rail StrUCIUIE ........c..covvevrierieerieiieereereereeiens 25
Figure 14: Predicted effect of maximum misalignment depth change on buckling temperature of a typical
TAIL STIUCTUTE ...ttt ettt et ettt et et et ete et e eat et e eseenseeseensesseentenseeseemsenseeseanseaseenseseentansesseensanseas 26

Figure 15: Predicted effect of maximum misalignment width change on buckling temperature of a typical

TATL STIUCTUTE ...ttt ettt ettt e h et b et e st e e bt et e s bt e st e bt e bt et e ebeeat e st e ea e e besbeente bt satenteeneensenees 27
List of Tables

Table 1: Initial boundary value problem for predicting rail TESPONSE........cccverevrecrierieerierierie e ereeieereeens 15

Table 2: Rail and track parameters used in the SenSitivity STUAY .......cccvevveeriveeiiieiiierierieriere e 21



List of Abbreviations

FE Finite Element

FEM Finite Element Method

FRA Federal Railroad Administration
RNT Rail Neutral Temperature

USDOT U.S. Department of Transportation
UTC University Transportation Centers

Disclaimer

The report given herein is a draft of a paper to be submitted for publication in a refereed journal.
The contents of this report reflect the views of the authors, who are responsible for the facts and
the accuracy of the information presented herein. This document is disseminated under the
sponsorship of the U.S. Department of Transportation’s University Transportation Centers
Program, in the interest of information exchange. The U.S. Government assumes no liability for

the contents or use thereof.
Acknowledgments

The authors wish to acknowledge the University Transportation Center for Railway Safety
(UTCRS) for funding this project under the USDOT UTC Program Grant No 69A3552348340.
We acknowledge the input provided to this research by Dr. Stephen Wilk, research scientist at
MxV Rail, Pueblo, CO.



Developing a Finite Element Model for Predicting Rail Buckling

Induced by Initial Misalignments
T. Liu, V. Musu, D. H. Allen, S. Wilk

Abstract

Due to its complexity, rail buckling is a mathematically nonlinear phenomenon affected by a
wide range of service conditions, including but not limited to field temperature, track geometry,
tie-ballast interactions, material properties of the structural components, train-induced lift-off, and
different types of boundary conditions. Although several research studies have focused on this
issue, it is still challenging to model this problem efficiently while maintaining both simplicity and
accuracy. This research team has developed a finite element (FE) computer code based on the
Euler-Bernoulli beam theory (Euler, 1744) to account for all the above phenomena, thereby
resulting in a Python-based FE program that only requires a few seconds of runtime to complete
one buckling simulation.

Building on the previous work by (Musu, Allen, & Fry, 2024), this study extends the model’s
development by expanding the nonlinear solving algorithm, as well as modifying the tie-ballast
interface resistance formulation, and restructuring the variational formulation of the governing
differential equations.

The key focus of this research is to analyze how initial rail misalignments affect buckling. In
addition, a nonlinear tie-ballast resistance formulation is applied within this model to represent
single-tie push test (STPT) experimental outputs to provide more realistic results. Results herein
show that, as misalignment increases, the critical rail buckling load decreases significantly, making
it a crucial factor in the prediction of rail buckling.

Rail Structures, Buckling, Finite Element Method, Euler-Bernoulli Beam Theory, Geometrical

Nonlinearity, Rail Misalignment, Single-Tie Push Test
1. Introduction

Rail buckling is a catastrophic event that can cause serious safety issues in the rail industry.

According to studies (Federal Railroad Administration, 2024), around 11% of the total railroad



accidents within the last three years (2021~2023) could be related to buckling. These accidents
can result in billions of dollars lost and even lead to human casualties. However, today, there are

still no clear guidelines for protecting against rail buckling.

Figure 1: Photograph showing thermally induced buckling of a railway (reprinted with
permission from ABproTWE, CC BY-SA 3.0, via Wikimedia Commons)

Rail buckling is a type of structural instability oftentimes induced by thermal effects. Railroad
engineers note that buckling usually happens in summer and during the day when the ambient
temperature is high. However, field observations also show that rail misalignments (track-walk),
broken fasteners (spikes), tie-ballast resistance performance, and other imperfections could also
affect rail buckling. Even though modern commercial finite element software can solve this
problem, the expense, the training needed, and the necessary computation time obviate deployment
of commercially available codes in the field. Accordingly, an efficient method, which nonetheless
includes a minimum level of complexity, needs to be developed to prevent rail buckling.

The body of literature on this subject is extensive. In the 18th century, the first concise beam-
bending model was reported (Euler, 1744). Two centuries later, Timoshenko applied this

procedure to predict deformations of railroad structures (Timoshenko, 1915, 1927). Though not



specific to rails, the vertical deformation of a beam on an elastic foundation has also been
investigated (Oden, 1967).

More recently, Kerr formulated a detailed rail-response-predicting model utilizing beam
theory (Kerr, 1974; Kerr et al., 1976), and soon thereafter, the rail buckling problem started to gain
more attention. A finite element model deploying the previously mentioned formulation was used
to analyze the relation between buckling temperature, initial lateral imperfections, and elastic-
plastic type ballast resistance (Tvergaard and Needleman, 1981). Lift-off problems and wheel-
track interaction have also been analyzed (Dong et al., 1994). A series of experimental and
numerical studies on the stability of continuously welded rail (CWR) and thermal buckling made
significant progress in this field, which led to the development of Fourier analysis models that
incorporate vehicle loads or operate without them (Kish et al., 1982, 1985; Kish and Samavedam,
1991, 2013). Research has also shown that vertical displacements can also affect rail buckling,
suggesting that describing the problem as 2D may be an oversimplification (Lim et al., 2003).
Several researchers have also conducted post-buckling analyses of rails (Li and Batra, 2007; Yang
and Bradford, 2016).

As it is gaining popularity, commercial finite element software is used to analyze rail buckling
problems (Pucillo, 2016; Miri et al., 2021). However, some shortcomings of current solving
procedures, such as solving an overly simplified boundary value problem, extended runtime,
operating difficulty, and limited flexibility, must be resolved to provide practical and prompt
support to railroad safety inspectors.

With these thoughts in mind, a finite element computational algorithm is developed within
this research as a means of providing readily accessible yet accurate predictions of rail buckling
as a function of a wide range of environmental factors. The current research extends the previous
work done by Musu et al. (2024), which emphasized lift-off effects. By modifying the nonlinear
solving procedure, the updated model has significantly improved efficiency. Also, additional
causal factors are deployed within the model, including initial rail misalignment and nonlinear tie-

ballast resistance effects.
2. Model Development

This section will briefly describe the assumptions deployed in the development of the model

used in this research. Further details of the derivation are available in (Musu, 2023).



2.1. Overview of The Track Structure

As illustrated in Fig. 2, the track is affixed to the crossties using fasteners (spikes). The ballast,
composed of crushed stone aggregate, is deposited on the rail bed beneath the ties, which are
typically embedded within it. Note that the coordinate axes X, y, and z correspond to the axial,

lateral, and vertical directions relative to the direction of travel.

Track fasteners

Track
Crossties <~

Base
| material

Figure 2: Generic rail with right-handed coordinate system as shown

2.2. Effects on the Track

The ties attached to the track provide some resistance to help prevent the track from
deforming. The tie-ballast interaction provides resistance, and research has shown that this can be
a highly nonlinear effect (Samavedam et al., 1995).

For lateral resistance F,, this research has deployed the results of single-tie push tests
(STPT) (Wilk, 2024). STPTs are experiments that apply a lateral load to a single tie embedded
within the track structure to measure the force-displacement relationship, as depicted in Fig. 3.

Although the tie is disconnected from the original track, it is still embedded in the ballast,
implying that the resistance measured is caused strictly by the tie-ballast interaction. In general,
the relationship between the resistance and lateral displacements v can be expressed by a nonlinear
curve with a stiff initial slope, which converges to a constant value F,, as the lateral displacement
increases, as shown in Fig. 4. For curve-fitting purposes, the resistance curve in the model is

expressed as a piecewise continuous polynomial, as shown in Eq. 1.



Figure 3: Photograph showing the operation of a single-tie push test experiment conducted by

MxV Rail, Pueblo, CO
F,(v)
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where v, is the critical displacement, and y is an artificial parameter that controls the
smoothness of the slope transition. In addition, the initial slope of the resistance curve, k,, is

defined as:

ke, =< )

Ver

Even though research showed that the relationship between axial resistance, F,, and axial
displacement, u, is also nonlinear (Tvergaard and Needleman, 1981; Nobakht et al., 2022), the
precise mechanism for this type of load has not yet been determined. For simplicity, the axial
resistance deployed herein is assumed to be linear in the axial displacement, as shown below:
F(w) = —kyu A3)
where k, is assumed to be a constant.

Fasteners are used to connect tracks and ties and can provide rotational resistance to prevent

the rail from bending, as shown in Fig. 5.
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Figure 4: Demonstration of the lateral tie-ballast resistance [Fy, (V)| vs

curve, for F.. =1000, vo, =1,7y=0.1
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Figure 5: Demonstration of the rotational resistance induced by fasteners and ties
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Similar to the axial resistance, the precise amount of rotational resistance that is provided by
the fastener as a function of the rotation angle, 6,, is still unclear. In addition, the relationship may
also be nonlinear and strongly dependent on the fastener type (Samavedam et al., 1993). In the
current paper, it is assumed that the rotational stiffness, S, is a constant as shown in Eq. 4.

m,(6,) = =56, “4)

Contrary to the x and y directions, friction is assumed to be negligible in the z direction.
Nonetheless, the vertical support of the foundation (ballast), 1, is assumed to be a linear function
of the vertical displacements, w, and can be expressed as:

r,(w) = —k,w (5)
where the track modulus, k,, is assumed to be a constant and can be acquired from experimental
data (Oden, 1967).

Rail buckling is usually induced by thermal effects, including high ambient temperature,
direct sunlight, and/or frictional heating caused by vehicle operation. Thus, the thermal stresses
caused by thermal expansion must be taken into consideration. A linear thermoelastic constitutive
equation is deployed within this model, given by:

Oxx = E(&xx — adT) (6)
where E is the Young’s modulus, &, is the axial strain, « is the coefficient of thermal expansion,
and AT is the current temperature difference compared to the rail neutral temperature (RNT),
implying that at RNT there will be no thermal stress applied to the system.

Finally, other sources of loads or moments applied to the track, such as vehicle loads, could
be described as distributed loads or concentrated point loads applied to the beam. The means by
which these additional external loadings could affect rail buckling will be discussed in later

sections.
2.3. Boundary Value Problem

As the rail is slender, and the axial dimension is much greater than the lateral and vertical
dimensions, we will apply the Euler-Bernoulli assumption to our model, meaning that cross-
sections of the track always remain planar and normal to the centroidal axis. Based on the
assumption, we have the following results: (1) transverse normal stress components gy, and g,
as shown in Fig. 6, can be neglected compared to axial normal stress g,,; (2) the displacement

fields are a function of x only (Euler, 1744; Allen and Haisler, 1985; Grissom and Kerr, 2006).

12



Figure 6: Demonstration of the normal stress components of an infinitesimal element within the
rail

According to field observations, rotation about the x-axis (torsion) is a relatively minor
issue in rail buckling. Thus, a 3-D model with 5 degrees of freedom, excluding torsion, is
developed herein. After applying Euler-Bernoulli beam theory to our problem, we can replace the
effect of stress components gy, 0y, 0z, Oxy, and gy, with resultant loads P, Vj,, V, and moments
M,,, M,. The resulting free-body diagrams are shown in Fig. 7, where u,, vy, w, are the
displacements at the centroid in the x, y, z direction, py, p,,, p, are the distributive loads applied
to the element, and 1, is the ballast support in the vertical direction, explained in the previous
section. Note that the x-y plane is depicted as a deformed body, while the x-z plane remains
undeformed. The reason is that, due to the difference between the moments of inertia I,,,, and I,,,
buckling in the x-y plane happens much more frequently, and the geometric nonlinearity of this
plane is also the main focus of this research. Even though vertical buckling can happen, but only
when lateral displacements are constrained, it is rare. Thus, large vertical deformations are
generally negligible and will not be considered in this research.

Regarding axial strain, the formulation when considering large deformations is given by:
du 1 [/au\? dv\ 2 dw 2
g =g T3 [(a) (@) +(&) ] @)

13



As we know, lateral displacements are much more significant than the other two directions

2
for the lateral bucking problem, %(%) will be the only second-order term that needs to be taken

into consideration (Tvergaard and Needleman, 1981; Grissom and Kerr, 2006), so that the final

strain-displacement relationship utilized herein is therefore given by:

2
du 1 (dV) ®)
& e —_ —
o x 2 \dx
v py(x- t) zZ
) ! Po(x, 1)
W (x + Ax, t)
Vo(x + Ax, t)
Vi(x, t
Y (x, £) M, (x + Ax,t) A0 My (x + Ax, )
M, (x,0) PG+ 8x,1) My (%, 6) P(x + 8x,0)
v, 01 Avg(x + Ax, t) —
P(x,t)
Pl t)
Pr(x, t)
|"r ¥ —— Ax — L x ——k—ar 7, (x, £)
X

Figure 7: Resultant forces and moments applied to a differential element within the rail in the (a)
x-y plane, and (b) x-z plane

Finally, it is assumed that the rotational angles are small and can be described by:

_ i AWO dWO (93)
O = tan(0,) =~ lim, 2 =~
Avy  dvy (9b)

0. = an(6) = Jim T2 =

We assume that the problem is quasi-static, and the only independent variable will be x.
Applying the equilibrium equations and utilizing Eq. 6 to 9 while considering tie-ballast
resistances and fastener resistances as external point loads and moments, we have constructed a

well-posed initial quasi-static boundary value problem, as shown in Table 1:

14



Table 1: Initial boundary value problem for predicting rail response

1. Independent Variables: x
2. Known inputs: Load: p; = p.(x), py = py(x). p: = p(x), O<x<L
Temperature change: AT = known
Geometry: A, 1y, I..L.y.2
Material Properties: a, E. k,
3. Dependent variables: up = up(x), vo = vo(x), wo = wol(x), P = P(x),
Vi =Vix), V. = V(x), My, = M(x), M, = M_(x), 0y, = 0 (x),

4. Field equations:

P
el —Px (8a)
dx
dv,
=~ =—p, (8b)
dx -
dV.
— = —p. +kwy (8¢)
dx
dM,
dx :
IM. v
Ty, p0 (8e)
dx ’ dx
dug (P + PT) 1 [dvy 2 )
— = = —|— (8f)
dx EA 2\ dx /
2y, J"/ =
(!' Vo _ f‘ (SQ)
dx? El. -
2y, M,
dwo __ M (8h)
dx? Ll
P My M
ox= - — = . (8)
Toe= + I i
PT=EAaAT (8i)

There are 9 equations and 1 additional auxiliary equation (the thermoelastic constitutive
relation) for solving the listed 9 dependent variables. Even though the problem is well-posed, the
highly coupled relations make it nonetheless rather difficult to obtain analytic solutions without
making certain simplifying assumptions. As a result, in order to avoid deploying these necessarily

debilitating assumptions, a numerical solving procedure utilizing FEM 1is proposed herein.

15



2.4. Finite Element Method

To solve the coupled equations in Table 1, we apply the principle of virtual work to Eq. 8a,
8b, and 8c:

fL[dP+ ]5d +fL[dVy+ ]5d o
de'pxuxdepyvx0

Note that the "0 "subscripts of u, v, and w are dropped to make the expression more concise.

4+ P, —k,w|dwdx =0 (10)

Through a series of integration by parts and equation substitution, we can come up with the final

weak form of our problem:

fLEAdua(d”)d +]EI YA +]LEI dw o (a2 (1)
dx © \dx) 2z g2 O\ dx2 | ¥ vy axz O\ dnz | ¥
j‘ Adu dv6 dv) P j‘ EA (dv)z 6(du) J j EA <dv> 6(dv> J
. dx dx dx * o 2 \dx dx) “* o 2 \dx dx) “*
L L L
—j kZW(Sde+f Dx 6udx+f Dy 6vdx+f p, Owdx
0 0 0

+fLPT S(d—u) dx+j PT@5<dv) dx
0 dx o dx \dx
+[P sulg + [V, 6vI§ + [V, Swl§ + [M,6(6,)]5 + [M.5(6,)]5) = 0

As we can see, there are several different sources of nonlinearity such as: geometric
nonlinearity (term 4 and term 6), nonlinearity caused by strain-displacement relationship (term 5,
term 6). In addition, though not shown in the weak formulation, nonlinearities caused by point
loads and moments, such as tie-ballast resistances, will also be included in this model, entering the
system by specifying realistic boundary conditions.

To solve the weak form with the finite element method, we employ Hermite shape functions
of cubic order (Allen and Haisler, 1985):

Substituting into the weak formulation, we have:
10

Z(Ile - Fl'e) 5ql =0 (123)

i=1

where:
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A, . 4 (N d*n, 12b
j [EA_(Z fmCIm> ZZW(Z nmqm>ﬁ ( )
d2 Zzl
EIyyW(Z Zm qm>d z]d
m=1

Ff = Fieoi + Fisi + FfsGeoi + Fgai + Fisi + Fri (12¢)

The vector Ff includes the applied external forces, thermal loads, and ballast vertical resistance.

Additionally, it incorporates the nonlinear effect terms, which are defined as pseudo-forces

(Haisler et al., 1972). Each term is defined below:

er 10
L d dn; |
= = [ o123 ) (2 ) 2 o 2
0
L[EA d dé;]
FfS,i = _—[0 7d_<z Nm qm) (Z Nn qn) . dx
. ¥“lEA d dn;
FLS,Geo,i= _—[0 7_ anqm Znnqn dx anqr —|dx
Lef
Fgali = —j k, (Z Cm CIm) (i] dx
0 1 m=1

Le
Ffii = f [px&i + pymi + p2G;] dx
0

L d77
F¢, = PT z —|d
T J;) x dx < Nm qm) X

Where Fg,, represents terms caused by geometric nonlinearity, F; ¢ represents terms caused by

large strain effects in the axial direction, F g ., represents terms caused by geometric nonlinearity
when considering large strain effects, and Fgy;, Fp;s, and Fr represent terms caused by ballast
resistance, distributive loads, and thermal effects, respectively.

Note that we have already dropped the resultant force and moment terms at the boundary as
they will cancel out each other when assembling from local form into global form. Since §¢;
should be mutually linear independent, and Eq. 12 is always true, we obtain a set of 10 equations:

If = Ff, fori=1to 10 (14)
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To solve this system, we first apply a Taylor expansion. We know that I{ is a function of the

current displacement values g;. If we expand against / -e(q j):
oI? 10%If (15)
I{(a; +4q;) = 1{(q;) + 5~ %, Ag; + 294, —L (4q;))" +H.0.T
As the displacement increments between different time-steps are relatively small, we can

neglect higher-order terms. Only considering only zero and first-order terms, we obtain the

following:
K&Aq; = If(q; + 4q;) — If (q)) (16a)
where the Jacobian matrix of I, or so-called the stiffness matrix, is defined by:
K = 2; j (16b)
Regarding Eq. 14, we obtain the following final form of the incremental equilibrium equations:
KfAq; = AFf (17a)
AFf = Ff(q; + 4q;) — F£(q;) (17b)

Utilizing the standard FE assembly method, the local stiffness matrices and force vectors are
assembled into the global form to model the entire rail section. By applying axial loads (due to

force or temperature change), the displacements can be obtained by Eq. 17a.
2.5. Accounting for Nonlinearity

In order to accurately account for the nonlinearities within AF;, an increment of loading, we
divide the entire loading procedure into several time-steps. At each time-step we apply the same
amount of load or temperature change, and each step is assumed to be quasi-static. Displacement
values applied to the force vector need to be updated within each step, and for more accurate
results, iterative methods, such as Newton’s method are deployed within this model. The concept
of Newton’s method is to use results of previous iterations to obtain an improved estimate for the
next iteration, and the procedure is terminated when it satisfies a convergence criterion related to
the residual R(A qjm) at iteration m, defined as follows:

R(4q}") = 114F;(q; + Aq]") — KyAqj|| (18)
which is the Euclidean norm of the difference between the two terms in Eq. 17a. Using Taylor’s

Formula to expand R(A q;n) against q}" while neglecting higher order terms results in:
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oR(Aq™ (19)
R(Aq)") = —ﬁ(mﬁ"“ — 4q}")
]

We then solve Eq. 19 repeatedly until R(A q;”) reaches a value smaller than the convergence

criterion. The convergence criterion is a constant decided a priori and should be a small number,
close to 0. It is set to 6 X 107° in this research. Once this condition is satisfied, the displacement
change between iteration m + 1 and m is negligible, and convergence at the time-step is reached,

and the new displacement vector 4q; ney can be obtained by the displacement vector at the

previous step 4q; 14, and the converged displacement change vector Aq}n:
AQj,new = qu,old + Aq;n (20)

: : . : oR(4qj") . . :
In practice, calculating the Jacobian of the residual ag ,fl) is time-consuming and non-

J

efficient. Thus, the Krylov subspace method is applied (Knoll and Keyes, 2004), where it utilizes
the Generalized Minimal RESidual method (GMRES) (Saad and Schultz, 1986) approximate the

Jacobian matrix with sub-iterations. The Newton-Krylov method has proven to be a highly
efficient nonlinear system-solving procedure and has already been included in the current SciPy
Module (Virtanen et al., 2020), this research utilizes this well-known function to solve the

demonstrated problem.
2.6. Force-Control Algorithm

Either mechanical or thermal loads are applied to model rail buckling with the force-control
algorithm. The corresponding load vs. displacement curve can be found by tracking the
displacements at each load step, as shown in Fig. 8.

As the applied load value increases, the slope of the curve suddenly decreases, a process
known as softening. For most cases, the displacement path can experience snap-through at the first
unstable point as the load has reached its local maximum. In other cases, the curve could stiffen
again, a process called progressive buckling, and does not have a significant unstable trend. Some
researchers have shown that the value of the lateral tie-ballast resistance could cause the difference
between these two cases (Samavedam et al., 1993; Kish and Samavedam, 2013). In this research,
we define the point where the slope of the load vs. displacement curve becomes 0 as the buckling
point and the corresponding load as the buckling load. The algorithm herein has been verified for

several analytic solutions (Musu et al., 2020).
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Figure 8: Demonstration of the axial load vs. maximum lateral displacement curve for a beam

buckling problem while using load control

3. Results

This section utilizes the finite element model developed before to perform several rail
buckling sensitivity studies. A number of different factors can affect the buckling load, including
material properties, rail geometry, track modulus, fastener stiffness, tie-ballast resistance, and
others. The main focus of this study will be on both the effect of tie-ballast lateral resistance and
the shape of initial misalignments.

Buckling simulations are conducted on a 20-meter-long rail section, and the tie spacing is set
at 0.5 meters. Both ends of the rail are assumed to be fixed, as no displacements or rotations are
allowed. To show realistic buckling results, the geometry parameters are chosen based on the
AREMA 115 RE rail head section, including the moment of inertia in both directions and the rail’s
cross-section area, and the material properties of steel are estimated based on industry
specifications (Nippon Steel Corporation, 2020). Note that there are 2 aligned rails in the system,
so geometric parameter values such as the cross-section area need to be multiplied by 2 before

applying the model. All general input parameters are listed in Table 2.
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Table 2: Rail and track parameters used in the sensitivity study

Rail Properties Values Units
Rail Length, L 20 meter
Tie-Spacing, 0.5 meter
Cross-Section, 2A ‘l A5E-02 meter?
Moment of Inertia, 21y, 5.50E-05 meter®
Moment of Inertia, 2/, 9.00E-06 meter®
Youngs Modulus, E 2.00E+11 Pa
Thermal Expansion Coefficient, @ | 1.05E-05 1/
Track Modulus. £, 5.00E+08 Pa
Rotational Stiffness, S 2.25E+05 | N - meter

Initial geometric imperfections in the x-y plane should also be considered in the following

cases, as secondary moments will be 0 if the rail is perfectly aligned. The initial imperfection shape

can be described by a piecewise function, as shown in Eq. 21:

( . L w
0 ,1fx<§—5 (21)
U(x)=<16i(x—£>4—8i*(x—£>2+d ifé—ESxS£+E
w 2 w? 2 2 277 T2 2
) L w
\0 ,1fx<§+5

where d is the initial displacement amplitude, and w is the width, as shown in Fig. 9. These two

parameters are also the focus of this research.

In addition, it should be noted that even though the large strain formulation shown in Eq. 7 is

included in th

e model, it is not utilized in the results shown in this research. The reason is that the

gradient of the lateral displacement along the rail is still negligible, and adding the high-order

terms does not significantly change the results. However, the terms could be critical in post-

buckling analysis and need further verification.
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Figure 9: Demonstration of the rail geometry in the x-y plane when initial imperfections are

applied (the track system is depicted as a single curve)
3.1. Effects of Lateral Tie-Ballast Resistance

Lateral tie-ballast resistance provides significant constraints to the rail at the early loading
stage. As demonstrated in Eq. 1 and 4, a piecewise continuous function is applied to the model,
representing STPT results. The curve is a function of the critical lateral displacement v, and
critical maximum resistance F.,., which are both input parameters used in the model.

STPT experiments typically show critical displacement values around 0.005 meters (0.2
inches) and maximum resistance values around 10000 Newtons (2000 pound force) (Kish and
Samavedam, 2013; Khatibi et al., 2017; Wilk, 2024; Wilk et al., 2024). However, the results
strongly depend on ballast condition and crosstie types, thus the numbers decided herein are only
for demonstration purposes.

A sensitivity study was conducted by changing STPT parameters as the initial misalignment
shape remained the same, using w = 10 meters and d = 0.05 meters.

First, the critical lateral displacement value v, was set to 0.005 meters, and the critical lateral
resistance value F,, was modified to range from 5000 Newtons to 20000 Newtons. Results are

shown in Fig. 10 and 11.
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Figure 10: Predicted effect of maximum lateral ballast-tie resistance change on buckling

temperature of a typical rail structure
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Figure 11: Maximum lateral displacement vs. applied temperature change before buckling with

various maximum lateral ballast-tie resistance applied to a typical rail structure
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Even though the slopes of the temperature-displacement curves are different for each case,
the buckling process initiates at similar additional lateral displacements. Rapid lateral deformation
started as soon as the additional lateral displacement value exceeded the critical displacement value
V.r, labeled as the red line in Fig. 11. This can be interpreted as the applied temperature difference
being reasonably high. As soon as the effects of the tie-ballast lateral resistance fall off, the rail
could buckle easily.

A critical displacement value sensitivity study was also conducted, as the initial misalignment
shape remained the same, F.,. was set to 10000 Newtons, and v, ranged from 0.003 to 0.007
meters. As results are shown in Fig. 12 and 13, it could be noticed that the deformation rate has a
significant difference between each case. However, even though the trend shows that the buckling
temperature does decrease as v, decreases, the buckling temperature remains fairly close for these
cases. In actual STPT experiments, the actual v, values could be difficult to capture accurately.
However, the results represented herein have suggested that F.,. would be the more important

factor affecting the buckling temperature and should be focused more on.

83 1

Buckling Temperatuere AT (°C)
~ ~ ~ ~ -] co (<]
[ ~ (<] © o - N

~
(3]

74 T T T T T ,
0.002 0.003 0.004 0.005 0.006 0.007 0.008
Critical Lateral Resistance Value ver (N)

Figure 12: Predicted effect of maximum lateral ballast-tie resistance change on buckling

temperature of a typical rail structure
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Figure 13: Maximum lateral displacement vs. applied temperature change before buckling with

various maximum lateral ballast-tie resistance applied to a typical rail structure

3.2. Effects of Misalignment Amplitude

For misalignment problems, the lateral resistance parameters remain constant, with v, =
0.005 meters and F,,, = 10000 Newtons.

First, the amplitude of the initial imperfection curve is modified, ranging from 0.0125 meters
to 0.1 meters, and results are shown in Fig. 14. It could be seen that the buckling temperature is
highly sensitive to small initial misalignments and then converges to a smaller value as the
amplitude increases. This suggests that in practice, even if the imperfection amplitude is small, it
should still be treated with caution: while geometrically perfect aligned tracks could have
extremely high buckling temperature, the buckling temperature experiences a 27% drop if the

misalignment amplitude is doubled (from 0.0125(m) to 0.025(m)).
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Figure 14: Predicted effect of maximum misalignment depth change on buckling temperature of

a typical rail structure

3.3. Effects of Misalignment Width

The effects of the misalignment width are also considered. With the same lateral resistance
parameters, the width changed from 3 to 10 meters. As shown in Fig. 15, the buckling temperature
reaches a minimum when the misalignment width is around 6 meters. This could be because the
imperfection shape is sharp at small widths, and the bending moment required to bend the rail
would increase. However, as the width increases, the moment arm of the secondary moment effects
decreases, and more axial stress is required to cause the same bending moment. As a result, the

minimum buckling temperature happens in between.
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Figure 15: Predicted effect of maximum misalignment width change on buckling temperature of

a typical rail structure

4. Conclusion

Herein, a robust nonlinear finite element model for predicting rail buckling is constructed.
Sensitivity tests have been conducted so that STPT experiment results could be applied to the
model. The results show that the critical resistance value plays a crucial role in rail buckling, and
the relationship between these values behaves relatively linear. The effects of misalignment shape
are also considered, and it is suggested that any small initial imperfections should be seriously
considered to prevent derailments caused by rail buckling.

For future research, a displacement-control algorithm should be constructed based on the

mathematical formulations depicted in this research and could be used for post-buckling analysis.
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