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Distributed tracking control of multiple high-order uncertain nonlinear systems

with guaranteed performance

Eduardo Alvarez and Wenjie Dong

Department of Electrical and Computer Engineering, University of Texas Rio Grande Valley, Edinburg, TX, USA

ABSTRACT

This paper addresses the distributed tracking control of multiple uncertain high-order nonlinear
systems with prescribed performance requirements. By introducing a performance function and a
nonlinear transformation, the prescribed fixed-time performance tracking control problem is refor-
mulated as a distributed tracking control problem for multiple special nonlinear systems. With the
aid of the universal approximation theorem for continuous functions and algebraic graph theory,
distributed robust adaptive controllers are designed using the backstepping technique. Simulation
results are presented to demonstrate the effectiveness of the proposed algorithms.

1. Introduction

Over the past few decades, significant research efforts
have been devoted to distributed cooperative control
of multiple systems. This field has proven to be crucial
across diverse domains, where multiple agents or com-
ponents collaborate to achieve shared goals. Applica-
tions span a wide range of areas, including search-
and-rescue operations, swarm robotics, autonomous
vehicles, power distribution networks, wireless sen-
sor networks, and satellite and UAV networks, among
others.

The consensus control problem involves design-
ing distributed control laws for a group of systems
to ensure that their outputs converge to an agree-
ment on a specific quantity of interest. It plays a
crucial role in distributed cooperative control, with
extensive research yielding significant results (Mechali
etal,, 2021, 2022; Ullah et al., 2021; R. Yang et al., 2022;
Zhang et al., 2023). A key performance metric for
consensus algorithms is the consensus rate, particu-
larly in the context of multiple first-order linear sys-
tems. The consensus rate is determined by the sec-
ond smallest eigenvalue of the Laplacian matrix of
the communication graph, referred to as the algebraic
connectivity. Strategies to enhance algorithm perfor-
mance often involve manipulating the communication
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graph to increase algebraic connectivity (Kim & Mes-
bahi, 2006). Another approach focuses on designing
finite-time consensus algorithms that drive consensus
errors to zero within a finite time. For example, in
L. Wang and Xiao (2010), finite-time algorithms were
proposed for single-integrator dynamic systems using
Lyapunov techniques. Similarly, Khoo et al. (2009) and
Ullah et al. (2021) developed finite-time algorithms
using terminal sliding-mode control for multi-robot
systems. In Shi et al. (2019), consensus algorithms for
nonlinear dynamic systems were introduced, employ-
ing integral sliding-mode control and finite-time
observers. Meanwhile, D. Chen et al. (2020), G. Dong
et al. (2021), and Li et al. (2022) explored the use of
fuzzy logic control and neural networks to achieve
practical finite-time convergence of consensus errors.
However, traditional finite-time consensus algorithms
are sensitive to initial conditions, leading to longer set-
tling times when initial errors are large. To address
this, researchers have explored fixed-time consensus
algorithms in recent decades (Hao et al., 2021; Hong
etal., 2017; Mechali et al., 2021, 2022; Ning et al., 2018;
H. Wang et al,, 2019; Y. Wang et al., 2019; Zhao
et al, 2022; Zuo & Tie, 2014, 2016). These algo-
rithms ensure that the settling time is independent of
initial conditions, although they rely heavily on the
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communication graph’s topology, which may not be
known in practice. To overcome this limitation, pre-
scribed fixed-time consensus algorithms have been
proposed. For instance, Zuo et al. (2023) addressed
the consensus problem for first-order systems with-
outaleader, developing practical prescribed fixed-time
algorithms by estimating algebraic connectivity.

Fixed-time and prescribed finite-time control algo-
rithms ensure the convergence of consensus errors
to zero within a finite time. However, these algo-
rithms may face limitations in transient performance,
which might not satisfy specific requirements. To
overcome this challenge, the prescribed performance-
based controller design technique has proven effec-
tive (Zhang et al., 2024). For example, the study in E
Chen and Dimarogonas (2021) investigated the for-
mation control of first-order and second-order sys-
tems with multiple leaders. Distributed tracking con-
trollers were designed to ensure prescribed perfor-
mance by utilising the prescribed performance func-
tion (PPF). Similarly, Huang et al. (2024) explored
prescribed performance formation control for second-
order multi-agent systems, proposing distributed con-
trollers that meet predefined performance crite-
ria using the PPE Notably, both studies (F. Chen
& Dimarogonas, 2021; Huang et al., 2024) focussed
on linear systems with no uncertainties in their
dynamics.

In this paper, we address the prescribed perfor-
mance consensus control problem for multiple high-
order nonlinear systems with uncertainties. Our objec-
tive is to design a distributed controller for each sys-
tem, ensuring that the tracking error converges to a
small neighbourhood of the origin within a prescribed
fixed time while meeting specific performance crite-
ria. To achieve this, we adopt a multifaceted approach.
First, we introduce a prescribed performance func-
tion (PPF) that integrates fixed-time, transient, and
steady-state performance requirements into a unified
framework. Next, using the Lyapunov technique, alge-
braic graph theory, and the universal approximation
theorem of functions, we propose distributed virtual
controllers that satisfy the required performance con-
ditions. Finally, we design real controllers employing
the backstepping technique to ensure the system out-
puts converge to the desired outputs within the pre-
scribed fixed time and meet the defined performance
standards. The contributions of this paper are as
follows:

e This paper addresses the leader-following control
problem for multiple nonlinear systems with per-
formance requirements. In contrast, the study in
Zuo et al. (2023) solves the leader-following control
problem for first-order uncertain nonlinear systems
without considering transient performance require-
ments. In this work, both transient and steady-state
performance are incorporated by introducing a per-
formance function in the controller design.

e This paper addresses the leader-following control
problem for multiple uncertain high-order non-
linear systems with performance requirements. In
contrast, the studies in F Chen and Dimarog-
onas (2021) and Huang et al. (2024) solve the
leader-following control problem with performance
requirements for first-order and second-order sys-
tems without uncertainties. In this work, the leader-
following control problem for high-order nonlinear
systems under uncertainty is studied and a system-
atic controller design procedure is proposed.

The subsequent sections of this paper are organised
as follows: Section 2 outlines the problem formula-
tion. Section 3 presents the systematic design of the
controllers. Section 4 provides the simulation results.
Finally, the paper is concluded in Section 5.

2. Problem statement and preliminaries

Consider a group of m nonlinear systems described by
the following equations

Xij = xit1,j + fij(Xij)

i=1,...,n—1 (1)
xnj =Uj +fn](7_cn]) (2)
Vi = X1 (3)

where xij € R denotes the state, uj € Ris the control
input, y; is the output, ﬁj is a smooth function of Xij
and is unknown, and x;; = [xyj, . .. ,xij]T. The initial
condition x,;j(0) € X where X = {¢ | |I¢]l <V €
R"} is a compact set in R" for some positive constant r.

It is assumed that there exists a virtual system whose
dynamics are represented by the following equations.

xi,m+1 = Xi+1,m+1 +fi,m+1(3_ci,m+l);
i=1,...,n—1 (4)

Xnm+1 = Um+1 + fnm+1Enmt1) (5)



Ym+1 = XI,m+1 (6)

where u,,41 is a known time-varying function. The
virtual system is labelled as (1 + 1)th system.

The systems indexed by j for 1 < j < m are referred
to as the follower systems, while the system indexed
by (m 4+ 1) is referred to as the leader system. In the
context of m follower systems and one leader system,
there is communication between systems. If we con-
sider each system as a vertex and the indexes of the
vertexes are the same as the labels of the systems, the
communication between systems can be defined by a
graph denoted as G = {V, £}. Here, V = {vj}j";”;1 rep-
resents the vertex set,and & = {Ejj}1<k-j<m+1 denotes
the edge set. It is assumed that the communication
between systems is bidirectional. An edge Ej; means
that the information of system j is available to system k
and vice versa. For convenience, we assign a fail and a
head for each edge. Without loss of generality, vertex k
is considered as the head and vertex j is considered as
the tail for edge Ej;. A path between vertex k and vertex
jis aset of edges which connect vertex k and vertex j. A
path forms a simple cycle if the path is closed. A graph
is connected if for every pair of vertexes there is a path
to connect them. A treeis defined as a connected graph
without cycles. A tree is a spanning tree if it contains all
the vertexes in the graph.

For a vertex j, the set of its neighbours, represented
as N, comprises all vertexes directly connected to
vertex j through edges. For (m + 1) vertexes and K
edges, the incidence matrix D(G) = [dkj] e Rm+xK
can be defined to characterise the graph structure. For
K edges, we label them by 1,2,..., K. If the pth edge
is Egj, dip = 1 and dj, = —1. It is obvious that D(G)
is not unique and depends on the labels of the edges.
The Laplacian matrix of the graph G is denoted as
L= D(Q)D(Q)T. The edge Laplacian matrix is defined
as L, = D(G) ' D(G).

For system j, it is assumed that system k is one of
its neighbours. We define the tracking error between
system j and system k as

ek = Yj — Yk (7)

for 1 <j < m and k € N,. The transient and steady-
state performance requirements on the tracking
error ej can be defined by a PPF (Bechlioulis
& Rovithakis, 2008). With the aid of a given PPE, the
problem considered in this paper is as follows.
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Control Problem: For the follower systems in (1)-(3)
and the leader system in (4)-(6), the problem consid-
ered in this article is to design a distributed control law
for system j using its neighbours’ information such that

leix (D] < p(t) (8)
}er% i) = ym+1 ()] < € )
tgngo i) = ym+1(®) =0 (10)

for 1 <j < mandie N, where p isa PPE T and ¢
are prescribed time constant and the threshold of the
tracking errors.

In order to solve our problem, the following
assumptions are made on the communication graph.

Assumption 2.1: The communication graph G has a
spanning tree with the node m + 1 as the root node.

Assumption 2.2: The state of the leader system is
bounded.

Assumption 2.1 indicates that the information of
the leader can be shared among all follower systems.
This assumption is crucial for controller design and
is a requirement in all literature on leader-following
control problems. Assumption 2.2 is reasonable, as it is
practical for all state values of a system to be bounded.

3. Distributed controller design
3.1. Prescribed fixed-time performance function

In order to meet the transient performance in (8) and
the steady-state performance in (9), the prescribed
performance function is chosen as

c3Tt

(po — poo)eXp(——) + poos, 0<t<T

pt) = T—t

Poo> t>T

where [eji(0)] < po for I <j<mand 1 <i<m+
1, poo < 7> and ¢3 > 1. The constant T is the pre-
specified maximum allowable convergence time for
p (1) converging from the given maximum initial error
po to the maximum allowable steady-state error poo,
and c3 denotes the prespecified minimum convergence
rate. The PPF has the following properties (Bechlioulis
& Rovithakis, 2008; P. Yang & Su, 2022): (1) p(¢) is
bounded, i.e. 0 < poo < p(t) < po and p(t) < 0; and
(2) lim;—7p(t) = poo and p(t) = po forany t > T.



4 e E. ALVAREZ AND W. DONG

With the aid of the PPE, the following tracking error
is defined

ejk + p
vik = F(ej) = In ( ! ) (11)
P — €jk

where F(ejx) is a natural logarithm function of ej.
Then,

Vik = Ajk(ejk + Aejk) (12)
where
1 1 )
Ajk = + , A= —B.
ek+p  p—e p

For the PPF p, the following results have been proved
in P. Yang and Su (2022).

Lemma 3.1: For the PPF p,

(1) p(t) is monotonically decreasing and A > 0.

‘ 25 2
(2) A]k>p 2p0>0.
Lemma 3.2: For the transformation (11), if vy is
bounded for 1 < j < m and k € N, Equations (8) and
(9) are satisfied.

3.2. Controller design

Under Assumption 2.1, the graph G has a spanning
tree. The edge set £ can be written as & U £ where
& includes the edges of the spanning tree and &
includes the edges which are not in the spanning tree.
Based on the decomposition of the edges, the graph
G can be decomposed as G = G; U G,. Since there are
m+ 1 vertexes, the number of edges in & is m. We
label the edges in &; first and then label the edges in
&.. The corresponding incidence matrix D(G) can be
written as

D = [Dy, D] (13)

where D; € RU"DXm and D, e RUMHDXK=m) pepre.
sent, respectively, the incidence matrices correspond-
ing to the spanning tree edges and other edges. It is
shown that the columns of D, are linearly depend on
the columns of D; (Chowdhury et al., 2018; Mesbahi

& Egerstedt, 2010) and
D,Z = D,
where
Z = (D] Dy)~'D/ D..

The incidence matrix D can also be written as the
following block matrix

Dy Dy ch]
D= = (14)
|:D2] [th D¢
where D; € R™*K D, e R1*K D, e R™*™ D,. e

Rm*x(K=m) e R1*M and D,. € R™*&=m) Ttcanbe
verified that

DiZ =Di, DyZ=Ds, Z=Dy D
Let

m

n=| : =DTLy}= g | (15
m—+1 .
K :

- ym]T. Noting the definition of the
incidence matrix, we have

n= D' I;Vy+1:| _DTIJ’WH—I
m

. D7
= [Dlt’ch]Ty = |: 1t i|

where y = [y, ..

THTs
Z'Dy,
_ | Tmxm | s 16)
- ZT 1ty (
where 1 is a vector whose elements are one and y =
Y= Wmt1-
Let
z1 E(n)
z=|:|=Fm=| : |=|vk (17)
zK F(nr)

with the aid of (12), we have
z=A(+ A = AD[ 1. + A%i.)  (18)
where A = diag(Aj) is a diagonal positive definite

matrix and X1 = [X11, ..., %1m] |
17

= [xX11 — X1, m+1>
s X1lm — xl,m+1



Lemma 3.3: Under Assumption 2.1, if z is bounded,
and

lim z"AD] DAz =0

t— 00

(19)

then lim_, o n = 0 and Equations (8) and (9) are sat-
isfied.

Proof: Let nr = 115> nm] T and g = insts - - -

nxl T By Equation (16), we have

n=Z"n. (20)

Letz; = [z1,...,2m] | and zjy = (Zm+1 - - Szxl T By
the mean value theorem and the property of the func-
tion F(-) in Lemma 3.1,

z1 = F(0) + Gnr = Gp
zir = F(0) + Hyp = HZ " iy

where G = diag([Gy,...,Gr]) and H = diag([H;,
.., Hy,]) are diagonal matrices with G; > pio > 0and

H; > p% > 0. Equation (19) means that lim;, D;
Az = 0. Noting that

G
DAz = [Dy4,D1(]A |:HZT:| n

) 1
= Dy[I, Z]A diag(G, H) |:ZTi| nr
= D1(A1G + ZAgHZ ")nr = Dy Iy

where A = diag(AI,AH), A[ c Rmxm’ and AH c
RK=m)x(K=m) " TT — (A;G 4+ ZAgHZT) is a posi-
tive definite matrix. So, Equation (19) means that
lim ;0 71 = 0. By (20), lim;— 0 # = 0.

By Lemma 3.2, the boundedness of z means that
Equations (8) and (9) are satisfied. |

Lemma 3.4: Under Assumption 2.1, if lim;yoo 57 =
0, and |ej ()| < p(t) for 1 < j < m and k € N}, then
Equation (10) is satisfied.

Proof:

lim L[/ } — lim DD" [yy ]
t— 00 m+1 t—00 m+1

= lim Dy =0.

t— 00

If the graph G has a spanning tree, the elements of y
and y,,+1 reach consensus based on the property of
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the Laplacian matrix L. So, y — 1y,,41 converges to
zero. [

Next, we design distributed controllers with the aid
of the universal approximation theorem of continuous
function and the backstepping technique.

In the dynamics (1) and (2), there is uncertainty
fii(xij). With the aid of the uniform approximation
theorem of functions (Hornik et al., 1989; Stone, 1948),
in the compact set &’ for selected basis vectors w;;(x;j)
there exists an ideal constant weight vector 8;; such that

i) = v Gy + € (21)
where ¢;; is the approximation error and is bounded
by unknown constants d;; and J (i.e. |¢;;] < d; < 9).
Then (1) and (2) can be written as

. T ,=
xij = xip1,j + vy (%i)05 + €ij>

i=1,...,n—1 (22)
Knj = 1 + Y ()0 + €. (23)
Substitute (22) into (18) for i = 1, we have
z= AD]—(XZ* + l//l—l;el* + Axl*
— Ax1my1l — X my1l + €14) (24)
where x1, = [xn,...,x1m]T, X2 = [le,---,xzm]T’
w1. = diag([y115. .. Wiml)s and €1+ = [€11,

.. )Elm]T'

Step I: Assume that x,; is a virtual control input. The
virtual controller is chosen as

TA
a1y = —41 ZAlejl — Axij — ;04
leN;

L S2enAnE (25)

2
\/ (ZzeNjAﬂZﬂ) +h()
= —A1(D14z)j — Axyj — ‘//Jélj
B s1j(D142);
\/((DlAz)j)z + h(1)

(26)

where 1; > 0, 91j is an estimate of 6j and will be cho-
sen later, s1; is the magnitude of a robust term and
will be chosen later, (-); denotes the jth element of its
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argument vector, and h(t)(> 0) satisfies

/OO Vh(t) dt < oo. 27)
0

There are different choices of h. For example, h(t) =
e~ ! h(t) = m, etc.

In order to find the update laws for élj and sy, we
choose a Lyapunov function

1 1 IS ateis

1 .
+3 Z V1) gt (28)
j=1

where I'j; is a positive definite constant matrix, yj; is a
positive constant, and

b = 6 — élj (29)
$1j = SLm+1 — S1j (30)
where

SL,m+1 = Max max [Xpm+1 + AxXymt1 — €1
1<j<m te[0,00)

is a positive constant. The derivative of V] is
Vi =2z AD{ (x2. — a1) — A1z AD{ D1Az
s1j((D1A2);)’

=1 /((D1A2)))> + h

+ 2" AD] (€12 — Axy i1l — X my11)

m m
FTr—15 —1~ %
+ D05 0+ D vy sy
j:] j:l

=z AD] (x2. — a1.) — 12" AD| D1Az

= sim1((D1Az2)))?
j=1 / (D142);)* + h

m
+ Z(DIAZ);‘(EU — AX1,m+1 — X1,m+1)
j=1

+ 2" AD] w01, —

m
+ zél—lj— (Fl_jlélj + l//lj(DlAZ)j)
j=1

((D1A2)))?

m
T ZEU h}lgu +
j=1 J (D1A2)))> + h

< ZTADI (x4 — O1x) — llzTADIDlAZ

=\ spmt1((D1A2)))?
j=1 / (D142)j)* 4+ h

m
+ 251,m+1(D1TAZ)j
j=1

m .
+ ZGJFQI(QU + T'yjyp1(D1A2)))
j:l

((D1A2)))?

m
+ ZEU 71;131]' +
j=1  (D1A2))* + h

< 2" AD] (x24 — a14) — M1z AD] DAz

m .
+ msy m1vV h(t) + Zé{[’r‘l—]l(éu
j=1

+ I'1jy1,j(D1Az)))

m 2
N IS i((D1A2)))

+ E Sleljl s+ A i

j=1 /((DlAz)j)2 +h

and we apply the

. ,alm]T

inequality ¢ — \/% < «/h for any scalar ¢

where a1, = [a11,. .

If we choose the update laws

01 = Tyjy1,j(D14z); = Tl[jl] (31)
: 11/((D142)))?
§ij = ——— L, (32)
J(D142))? + k(o)
then
Vi < 2" AD] (xp. — a14) — 212 AD{ D1Az
+ mvh. (33)
Step 2: Since xp; is not the control input, it cannot be
oy;. Let
& = x2j — @ (34)
Then
&j = x5+ ‘//2—;92]' + €2 — ayj (35)

6061‘
T j T
= x3j + Y bhj + €25 — %(xzj + y1;61))

50!1‘ 8(11'
- Z gj(le + vy 6h) — 561]‘
leN 11 1j



1j
oxu " ogy T on

leN;

80(1
— 2§ (36)
651]

It is assumed that x3; is a virtual control input. The
following virtual input is proposed as

toj = —Aajéaj — vy 005 — (D1A2);

2
52j§2jﬁ2j 60(1]

- (x25 + w1 01))
Jba +h TR

6a1‘ A 60(1‘ N
+ —L0y + z — (a1 + w1, 00)

1j leN; oxu
80(1]' . 50!1]' .
+ h+ —=s; 37
oh " sy Y (37)

where

Ay >0, 92j and sp; are estimates of 0>j and 02 =
maxj<j<m dzj, respectively. In order to design the
update laws for 91]-, 92]-, and $2j> We choose a Lyapunov
function

1 " 2 1 " ~T _1 ~
Va=Vit s D Gt s D 05050
j=1 j=1
1 < -1
*t3 2755 (38)
i=1
where ézj =t — 92]-, 5 = Ors — $2j» I'zj is a positive

definite constant matrix, and 72j 1s a positive constant.
The derivative of V; is

Vz < ZTADIF()CZ* — 051*) - /llzTADlTDlAz

m
+ msimp/B@) + > 0LTH Oy + 1))
j=1

B 71;(D1Az)))?
+ Z Syry ] ]

S
Y DA+ h

AN

INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE . 7

m m
+ D &l —az) + D |:—/12j522j
p= fan

52855
Vb +h

T0 %y, T
+ Gjyri o + Srj€2j — S o ‘/’1j 1j

— &i(D1AZ)) —

aalj
& Z WUHU 52]‘561]‘
le/\/ Yy

_é] Z &ifll

ien;

. m .
IS AT S
=1 =1

—/llzTADTDlAz + m51,m+1\/ﬁ

+ Z 911 (011 + Tl]

00yj oay;
—Tyjyi&j— o, I'yj Ly Z S|

1j leN;
. 71i((D1Az);)>
+ ZSIJVIJ s;j+ / /
J (D1A2)))> + h
m m
+ Zfzj(xsj — azj) + Z [—/12]'522]'
=1 =1
_ 521635,
&by +h
2
+ |§2] + h

61]

oa. -
+ Z—” +h | b
0x1]
leN;

m
+ Z@(F;ﬁ@zj + v2i&2))
=1

m
—1~ ~
+ D75 %
j=1



8 e E. ALVAREZ AND W. DONG

< —12  ADI Dy Az + (spms1 + Sp)ma/h

+29u 7 (B ol
8a1 6a1
rl]Wl]é:Z]_ — Djyij— o1 2621

71j((D1Az2)))?

+ zslﬂ’l §1]
! J(D1AD))2 +h

+ Zfzj(xy — azj) — Z /12]'522]'

j=1 =1

m
+ D 0515 Oy + Dojyiiy)
j=1

Vb + NE Ry

We choose the update law (32) for s1; and the update

+ Z yZ] 52] 52]

laws for 61, 6, and s,; as

A 60!1]
Oj =11 — Flj*/’ljé‘zjale

(90(1
- 1—‘1]9”1]6 Zf 1= 71] (39)
U len;
Osj = Tojyjly = Tz[j] (40)
2 p2
. 72iS5i By
$2j = =g (41)

By +h

Then

m
V) < =Mz AD[D1Az — " 13
j=1

m
+ D &y — az)) + (s1mr1 + S2)mV
j=1
Step i: Since x;j is not a real control input, it cannot be
0li—1,j- Let
$ij = Xij — ®i—1, (42)

Then

& = xip1 + vy O + € — G (43)

N
= Xit1,j + Vi O + €ij

dai_1j
- Z : .](xk+1,j + Wgekj + €k))

pa ﬁxk]
oaj— Lj
- Z z L (k1,0 + Wi O + €)
k=1ien; K
PRI 3p J=F
k=1 Ok k=1leN;
- Z o (a2
Osk;

It is assumed that x;1 1 ; is a virtual control input. The
following virtual control input is proposed.

‘/’ZJ911+Z

oo L,j
+l//k]¢9k])+zz Ik (k41,1

k=1 IeN;

aij = —Aiilij — (xk+1]

i_1

A aa-_l,- A

+ v 0k + E L0y
k=1 90

- 2
Z onj— 1] A szjéjﬁl]

=i 00k By +h
i—1

ooi—

815 .1] 51 1,j (45)
k=1 ki

where

Aij > 0, 9,-]- and s;; are estimates of ¢; and O =
maxi<j<m djj, respectively. In order to design the
update laws for éij and s;;, we choose a Lyapunov
function

I, I ir oz
Vi=Viei+ 5 3 &G +5 2 0,150
j=1 j=1



+= Zy‘”] (46)

where é,-j = 0;j — 0y, Eij = Oy — sij, ['jj is a positive def-
inite constant matrix, and Vij is a positive constant.
The derivative of V; is

i—1
V; < —l1z' AD] DAz + (sl,m+1 +>° ék*) mv'h
k=2
i—1 m
+> D0 kjl(e )

k=1 j=1

71j((D1Az2);)?

Z 5119’1] s+ thAz)j)z T
+ Zfzj(xl+1] - az]) - z Z /lk]éfkj

k=2 j=1
i—1 m 2 2
. ijérk-ﬁk'
-1~ ~ g K
+ZZij Skj | Sk + WEpe
k=2 j=1 kajﬁkj +h

m m
+ D &Gy O+ D e
j=1 j=1

oa; 1,
- Zé:l] Z — ](‘//k] 6k] + Gk])
j=1

all]

_quzz

j=1 k=1 leN;
Sljél]ﬂzj

Jeibi+h
L IJ+ZVU S5

(v, O + €x)
m
RN
m
*2.0

Noting that |e;| < i, we have

Vi < —/llzTADlTDlAz

i—1

+ (51,m+1 + Z gk*) mv'h
k=2

i—1 m

2

[1 1]
k=1 j=1
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aai—lj 00i—1,j
—TiyiiCi——— ™ Tjyii——— o Zéz

leN;

71;((D1Az)))?

+ Zslﬂ’l §1]
! J(D1A2))? + h
+ Zé’ij(xiﬂ,j — i) — Z Z ikj{l?j

j=1 k=2 j=1
i—1 m
. ijikﬁk
TR
DD S S+

V 4Zk]ﬂk] +h

2 n2
" 51*5,] ij

m
+ D KB — Y
; ijlPijCi ; 55 l§+h

k=2 j=1

STy + Y Vij %

j=1
Next, we apply
E2p2
&l < ——te— +Vh
Jeibi+h
then

Vi < —/hzTADIDlAZ

i
+ (51,m+1 + Z Sk*) m‘/ﬁ
k=2
i—1

m
[i—-1]
+ Z% ” (0 +

k=1 j=1

oai_1
k] Yki— %1 / Z Sil
ki leN;

m 2
I S 1j((D14z2)))

ol I
=1 J (D1A2))* + h
+ Z Gij(Xiy1,) — aij) — Z Z ’lkjflfj

j=1 k=2 j=1
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izt . ViiSEBE
+D. D 5 S | S ——
k=2 j=1 ‘/fk]ﬁk]-i-h

m .
+ > 0,171 @5+ Tiwicy)

202

. yijfijﬁij
+ZVIJ Si|Sit TS
VéiBijt+h

We choose the update laws for s (1 < k < i— 1) the

same as before and the update laws for ékj 1<k<i
and s;; as follows.

aal 1,

9kj = Tk[] Fk] Wk]él] EY (47)
1
— Dijyi al ! Zél
kj leN;
1<k<i-—1, (48)
2n2
yic2
§j = ——t (50)

Jeibi+h

Then

i m
Vi < —Jiz' AD| DiAz— > > g
k=2 j=1

m
+ D& iy — ap)

j:l
i
+ (Sl,m+1 + Z 5k*) m\/;l
k=2

Step n: Since x,j is not a real control input, it cannot be

On—1,- Let
Cnj = Xnj — Op—1 (51)

Then
é:nj =uj+ l/’;]r‘enj + €nj — On—1,%

=uj+ l//,;genj + €xj

1
0ati1, T
- Z . (k1 + Wi Ok + €k)

80!, 1,j
- Z Z 0 L (k1 + v O + €x)

k=1 leN
a1y A 0ti—1j A
- z atlékljekj - Z Z 61Akllj
k=1 J k=1 leN;
The control input u; is proposed as
Onj = —AnjCnj — l//nTjénj
D 1,

+Z

oa; L,j
+Zz = (Xk+1l+l//k19kl)

(Xk+1 it Vi won

k=1IeN;
n—1 iy n—1 d0i_1i
+Z A JQkJ“*ZZ .
k=1 OV k=1 leN;]
2
_M_é’_u (52)
by +h

where

-1

00n—1.\>
ﬂnj:1+z ( - 1)]) +h

n
OXei
k=1 ki

oa.
( n— 1]) —I-]’l
00Xy

Anj > 0, énj and sy; are estimates of 0y and Ope =

)3

k=1 leN;

maxj<j<m Juj, respectively. In order to design the
update laws for énj and s,j, we choose a Lyapunov
function

Vi=Vi1+ = Z i+ = 26 1énj

+ - Zy‘l 5 (53)

where énj = Opj — énj, Snj = O — Snj» I 'nj is @ positive
definite constant matrix, and y; is a positive constant.
The derivative of V,, is

Vn < —/hzTADlTDlAz

n
+ (51,m+1 + Z Sk*) m\/ﬁ
k=2



n—1 m
£ > apr A+l
k=1 j=1
oo —1, oo L,j
—Tkjwiicij 61 L — Tyiwg an Zél

leN;

71j((D142)))*

+ 15y S1j 4
Z ] 1] j+ /—((DlAz)j)Z )
=22 M4

k=2 j=1
n—1 m
. Vk}fk]ﬁk]
+D.D g S | s+
k=2 j=1 ,/fk]ﬁk]-i-h

m
+ Z nj n] (en] + Iy l//n]é:n])
j=1

Vn]éfrz,]
Vb +h

We choose the update laws for s; (1 < k < n — 1) the

same as before and the update laws for s,; and ékj 1<
k < n) as follows.

+ Z)’n] 5n] 5n]

i BL

Snj = _ ey (54)

b+ h
A oa 1
ekj = Tk[] 1—‘k] ‘//k]fz] an J

oa L,j
Ly an Zé) = T[n]

1<k<n-—-1 (55)

énj = 1—‘nj‘//njfnj =: Ty[,;l] (56)

then

m
V, < —l1z' AD] DAz — Z Z Akjg,fj
k=2 j=1

n
+ (51,m+1 + z Sk*) m~/h.
k=2

With the aid of the above design procedure, the follow-
ing theorem can be proved.
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Theorem 3.1: For the systems in (1) and (2), under
Assumptions 2.1 and 2.2 the distributed control law

uj = anj (57)
with the update laws
0 = ¢ (58)
y— Y
202
yic2 B2
=m0 j<i<ml<j<m (59

Ve ,§+h’ o

ensure that (8)-(10) are satisfied, where the control
parameters are defined in the above controller design
procedure.

Proof: With the control law (57), we have

n m
Vn < —ilzTADIDlAz — Zzikfsz]
k=2 j=1

+ (51,m+1 +>° Sk*) mv/h (60)

k=2
n
< (51,m+1 + Zék*) m~/h. (61)
k=2

Integrating both sides of (61), we have

Va(t) < Vu(0)

n t
+(51,m+1 + Z5k*)m/ Vh(r)dz
k=2 0

< 0

which means that V(¢) is bounded (i.e. V € L).
Therefore, z, j, 0, and s;; are bounded for all i and
j. Integrating both sides of (60), we have

/11/‘ TADI DlAZdT + zz&k]/‘ é:k] dr

k=2 j=1

< Va(0) — Vau(®)

n t
+ (sl,m+1 + Zék*)m/ Vh(z)dr < oo
k=2 0

which means that D1jAz and ¢ 2 <i<n, 1<j<
m) are square-integrable. With the aid of Barbalat’s
lemma, D1Azand §;; (2 < i < n,1 < j < m) converge
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to zero. By Lemma 3.3, Equations (8) and (9) are sat-
isfied. Since the communication graph G is connected,
Equation (10) is satisfied by Lemma 3.4. u

Leveraging the properties of the prescribed perfor-
mance function p, the proposed controllers facilitate
the convergence of tracking errors between neighbour-
ing systems to a specified value within finite time. In
the controller design, to simplify notation, the PPF
p remains consistent across different systems. How-
ever, one can substitute p with p; specifically for sys-
tem j. Furthermore, the PPF p can be tailored to
different functions, accommodating diverse transient
and steady-state performance requirements. Within
the controller design, the transformation (11) is rep-
resented by a natural logarithm function. However,
alternative choices for p are viable.

To approximate unknown functions, one can
choose the basis to be polynomial functions, sig-
moid functions, logistic functions, or other functions.
To effectively implement the proposed controllers,
obtaining the partial derivatives of the virtual con-
trollers is imperative. With the aid of the command
filtered backstepping technique (W. Dong et al., 2012;
Farrell et al,, 2009; Yu et al.,, 2018), simplified dis-
tributed controllers can be proposed. Due to space
limitations, it is omitted.

4. Simulation
Consider three second-order systems in (1)-(3), where
fi= x%j + sin(2x1;)
fj = xgj + 3xfj + 2 sin 5x;;.
There is one second-order leader system in (4)
and (5) with fi4 = sin(2x14), f24 = 5 cos 3x14 — 2x24,
and ug4 = 3 cos2t. The communication between sys-
tems is shown in Figure 1. It is obvious that the

communication graph G is connected. The incidence
matrix D is

1 0 0 1 1
D— D, _ —1 1 0 0 0
D, 0o -1 1 0o -1
0 0O -1 -1 0
The PPF is chosen as
20 —200N 01, ifo<t<10
exp| —— A, i <
p(t) = P\10—¢ =
0.1, ift > 10

Figure 1. The communication graph G between systems.

The control problem is to design distributed con-
trollers such that y; — y, convergetozerofor1 < j < 3
and the performance (9) is satisfied.

In the controller design, we choose

24T 2 24T
pij = [Lxyxyl s waj =[xy, xqj %25, X5

The boundedness of the approximation errors is evi-
dent. The distributed controllers proposed in Sec-
tions 3 and 4 effectively address the control problem.
The proposed controllers from Theorem 3.1 were
implemented in a simulation with specified control
parameters. Figure 2 illustrates the convergence of the
response y; — y4 for 1 < j < 3 to zero. In Figure 3, the
responses of e12, €14, €23, €34, —p, and p are depicted,
revealing that ejs, e14, €23, and e34 are bounded by
—p and p, thereby confirming the satisfaction of (9).
Figure 4 showcases the response of élj for1 <j<3.
Additionally, Figure 5 illustrates the response of sy for
1 <j < 3. Figure 6 presents the response of 92]- for
1 <j < 3. Lastly, Figure 7 demonstrates the response
of $2j for 1 < j < 3. The simulation results affirm that

0 0.5 1 1.5 2 25 3 35 4 45 5
time (s)

Vi,
VoY,
V3,

Figure 2. The tracking error of y; — ys for1 < j < 4.



el2
eld |7
e23
e34 |
P
|1

0 0.5 1 1.5 2 25 3 35 4 45 5
time (s)

Figure 3. The tracking errors eq, e14, €23, and e34 and —p and p.

Updates ofs1if0r1§j§ 3

0 5 10 15 20 25
time (s)

Figure 5. The response of sy for 1 < j < 3.
0;j and s;; are bounded for 1 <i<2and 1< <3.

These findings robustly substantiate the validity of the
claim made in Theorem 3.1.
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J

Updates of 6. for 1< j< 3

0 5 10 15 20 25
time (s)

Figure 6. The response of sy for 1 < j < 3.

n

o

i

Updates of szj for1<j<3

0.5 . . . .
0 5 10 15 20 25
time (s)

Figure 7. The response Ofézj for1 <j<3.

5. Conclusion

In this paper, the distributed tracking control of
high-order uncertain nonlinear systems with pre-
scribed performance requirements was studied. Dis-
tributed robust adaptive controllers were proposed
to ensure that tracking errors converge to a small
neighbourhood around the origin within a speci-
fied finite time while satisfying prescribed perfor-
mance criteria. The results presented in this paper
provide a new approach to addressing the distributed
control of uncertain nonlinear systems with perfor-
mance requirements. Throughout our study, bidirec-
tional communication between systems is assumed;
however, these findings can potentially be extended
to scenarios where the communication graph is
directed.
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