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Abstract1

This paper considers the formation flying of multiple quadrotors with a desired orientation and a leader. In the formation
flying control, it is assumed that the desired formation is time-varying and there are the system uncertainty and the information
uncertainty. In order to deal with different uncertainties, a backstepping-based approach is proposed for the controller design. In
the proposed approach, different types of uncertainties are considered in different steps. By integrating adaptive/robust control
results and Laplacian algebraic theory, distributed robust adaptive control laws are proposed such that the formation errors
exponentially converge to zero and the attitude of each quadrotor exponentially converges to the desired value. Simulation
results show the effectiveness of the proposed algorithms.
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1 Introduction10

Formation flying of multiple quadrotors has been studied11

recently due to its wide applications in civil and military12

applications, such as surveillance, area exploration, target13

search, accident rescue tasks, and many other applications.14

The capacity of vertical taking-off and landing makes quadro-15

tors superior to other unmanned aerial vehicles. Compared16

with a single quadrotor, the formation of multiple quadro-17

tors can perform more difficult tasks and provides better18

performance. However, the underactuated nature of a single19

quadrotor makes the cooperative control of multiple quadro-20

tors challenging.21

Formation control of multiple quadrotors is to coordi-22

nate a group of quadrotors to achieve a desired spatial23

geometric pattern. In the past decades, several classical24

approaches have been proposed for multi-agent systems,25

which include the behavioral approach, the virtual structure26

approach, the leader-follower approach, and the graph the-27

oretical approach. In the leader-following approach [1,2],28

some agents are designated as leaders and the others are29

designated as followers. The leaders track the predefined tra-30

jectories and the followers track the state of their neighbors31

B Wenjie Dong
wenjie.dong@utrgv.ed

1 Department of Electrical and Computer Engineering, The
University of Texas Rio Grande Valley, Edinburg, TX 78539,
USA

according to given schemes. In the behavioral approach [3– 32

5], the control action for each agent is defined by a weighted 33

average of the control corresponding to each desired behav- 34

ior for the agent. In the virtual structure approach [6–8], the 35

entire formation is treated as a single rigid body. The vir- 36

tual structure moves along a desired trajectory and with a 37

desired attitude. In the graph theoretical approach [9–12], 38

each agent is considered as a node and the communication 39

between agents is defined by a graph. The control law is 40

designed with the aid of the difference of neighbors’ infor- 41

mation. 42

Formation control of multiple unmanned aerial vehicles 43

(UAVs) has been studied extensively. In [13,14], the dynam- 44

ics of each vehicle is simplified as a linear system and the 45

formation control is studied based on multiple linear sys- 46

tems. In [15–17], the formation control was studied based 47

on the translational and rotational motions with linearized 48

or simplified models. Noting that a UAV is a multiple-input 49

multiple-output system with highly nonlinear and strongly 50

coupled dynamics and has 6 degrees of freedom (6-DOF), 51

formation control of multiple UAV was studied based on 52

6-DOF dynamics in [18–21]. In [19,20], formation control 53

of multiple UAVs was studied based on the 6-DOF model 54

with disturbances and robust distributed control laws were 55

proposed. In [21], distributed formation control of multi- 56

ple UAVs was studied based on a nonsmooth backstepping 57

design and consensus techniques for the 6-DOF models. 58
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The formation controllers in the literature mentioned59

above ensure that the states of a UAV asymptotically con-60

verge to a desired formation as time goes to infinity. In61

practical applications, finite-time distributed controllers are62

preferred because they ensure that the states of a UAV con-63

verge to a desired formation within a finite time and the64

closed-loop systems have better disturbance rejection per-65

formance. In [22], formation control of multiple UAVs with66

nonparametric uncertainties was studied. Finite-time con-67

trollers were proposed with the aid of finite-time distributed68

observers. In [16], finite-time distributed controllers were69

proposed based on the linearized models without uncertainty70

with the aid of the properties of homogeneous systems. In71

[16,22], the attitudes of UAVs are defined by Euler angles. To72

make the attitude control laws nonsingular, the Euler angles73

are limited to some intervals.74

Although there are many results on formation control of75

multiple UAVs, how to improve the control performance is76

still challenging in the presence of uncertainty and coupling77

among neighboring UAVs. Motivating by the research work78

mentioned above and the work in [23–25], in this paper we79

study the formation control of multiple UAVs with parametric80

and nonparametric uncertainties and propose new distributed81

control laws such that the formation errors exponentially con-82

verge to zero and the attitude of each UAV exponentially83

converges to a desired attitude. In order to solve the formation84

control problem, a multi-step backstepping-based approach85

is proposed and distributed exponential control laws are86

designed. The proposed approach includes six steps. In the87

first step an auxiliary system for each quadrotor is introduced88

to estimate the parametric and nonparametric uncertainties89

in the dynamics of each quadrotor. In the second step, dis-90

tributed kinematic controllers are proposed for the translation91

with the aid of the graph theory and the formation problem92

is solved without the information whether the leader’s infor-93

mation is available to a quadrotor or not. In the third step,94

distributed dynamic controllers for the translation and the95

desired attitude for each quadrotor are designed based on the96

backstepping technique. In the fourth step, the force input97

and the desired attitude for each quadrotor are calculated.98

In the fifth step, a distributed kinematic controller for the99

attitude control of each quadrotor is proposed with the aid100

of the graph theory. In the last step, a dynamic controller101

for the attitude of each quadrotor is proposed with the aid102

of the backstepping technique. In the proposed approach,103

the uncertainties in the dynamics and the uncertainty of the104

leader’s information are considered separately in different105

steps. With the aid of this multi-step approach, distributed106

robust adaptive controllers are proposed such that multiple107

quadrotors exponentially converge to a desired formation and108

the Y-axis of each quadrotor exponentially converges to the109

desired direction. Compared to the results in literature, the110

contributions of this paper are as follows.111

• This paper solves the formation control problem of multi- 112

ple quadrotors in a more general setting. In the considered 113

problem, the formation is time-varying and there are 114

both parametric uncertainty and nonparametric uncer- 115

tainty in the dynamics of each quadrotor. Furthermore, 116

the communications among quadrotors are directional, 117

which means that the information exchange between two 118

quadrotors is one-way instead of two-way. 119

• A new systematic multi-step controller design approach 120

is proposed for the formation control problem by inte- 121

grating the uncertainty decomposition technique and the 122

backstepping technique. In this approach, different types 123

of uncertainties are dealt with in different steps. The dif- 124

ficulty of the controller design is greatly reduced. 125

• The proposed control laws ensure that a group of quadro- 126

tors exponentially converge to a desired formation with a 127

desired orientation, which means that the proposed con- 128

trol systems have better performance in convergence and 129

disturbance rejection. Moreover, the proposed controllers 130

are distributed. No global information is required in the 131

controllers. 132

The remaining part of this paper is organized as follows. In 133

Sect. 2, the considered problem is defined and some prelimi- 134

nary results are presented. In Sect. 3, a multi-step approach is 135

proposed and distributed controllers are derived. In Sect. 4, 136

simulation results are presented. The last section concludes 137

this paper. 138

2 Problem statement and preliminaries 139

2.1 Problem statement 140

Consider m quadrotors. Under some assumptions, the kine- 141

matics and dynamics of j-th quadrotor are defined by 142

ṗ j = v j (1) 143

v̇ j = −ge3 + 1

m j
f j R j e3 + d1 j (2) 144

Ṙ j = RS(ω j ) (3) 145

J j ω̇ j = S(J jω j )ω j + τ j + d2 j (4) 146

where p j and v j are the position and the velocity of the mass 147

center in the inertia frame, respectively, g is the gravitational 148

acceleration, e3 = [0, 0, 1]�, f j ∈ � is the total thrust, 149

R j = [b1 j , b2 j , b3 j ] is the rotation matrix of the body frame 150

with respect to the inertia frame, ω j is the angular velocity of 151

the quadrotor in its body frame, J j is the inertia moment of the 152

quadrotor, d1 j and d2 j denote nonparametric uncertainty and 153

disturbance, S(ξ) for ξ = [ξ1, ξ2, ξ3]� is a skew-symmetric 154
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matrix defined by155

S(ξ) =
⎡
⎣

0 −ξ3 ξ2

ξ3 0 −ξ1

−ξ2 ξ1 0

⎤
⎦ ,156

and τ j = [τ1 j , τ2 j , τ3 j ]� is the torque input of the system.157

For multiple quadrotors, there are information flows158

between them with the aid of sensors or wireless communica-159

tion. Consider each quadrotor as a node. The communication160

between quadrotors is defined by a directed graph G =161

{A, E} where A is the node set and E is the edge set. If162

there is an edge ei j in E it means that the information of node163

i is available to node j . Node i is called a neighbor of node j164

if the information of node i is available to node j . All neigh-165

bors of node j form a node set which is called the neighbor166

set of node j and is denoted by N j . A directed path from167

node i to node j is a sequence of sets of edges that connect168

node i to node j by following their directions. Node i is said169

to be reachable to node j if there exists a directed path from170

node i to node j . Node i is said globally reachable if node i171

is reachable for every other node in A.172

In this paper, we assume there are m follower quadrotors173

and one leader quadrotor. The leader quadrotor is operated by174

a human operator and does not receive any information from175

the follower quadrotors. Without loss of generality, the leader176

quadrotor is labeled as node 0. The follower quadrotors are177

labeled by 1, 2, …, m. The communication between m + 1178

quadrotors is defined by an augmented directed graph Ga =179

{Aa, Ea} where Aa = A ∪ {0} and Ea is a union of E and180

the edges from node 0 to the followers.181

For m follower quadrotors and a leader quadrotor, a182

desired formation can be defined by (m +1) vectors h j ∈ R3
183

which may be constant vectors or time-varying vectors. We184

say (m + 1) quadrotors are in the desired formation if185

pi − p j = hi − h j186

for any 0 ≤ i, j ≤ m. We say m + 1 quadrotors come into187

the desired formation if188

lim
t→∞[(pi − hi ) − (p j − h j )] = 0189

for any 0 ≤ i, j ≤ m.190

In the dynamics (1–4), the parametric uncertainty (i.e.,191

m j and J j ) and nonparametric uncertainty (i.e., d1 j and d2 j )192

are called the system uncertainty. For each quadrotor, it is193

unknown whether the leader quadrotor is a neighbor or not.194

We say there is information uncertainty for each quadrotor.195

In this paper, we consider the following control problem.196

2.1.1 Formation flying with a leader 197

For a leader quadrotor and m follower quadrotors, it is 198

assumed that m j , J j , d1 j , and d2 j are unknown for 1 ≤ 199

j ≤ m. It is given a desired formation defined by h j for 200

0 ≤ j ≤ m, the control problem is to design distributed state 201

feedback controllers f j and τ j using its own information and 202

its neighbors’ information such that 203

lim
t→∞[(p j (t) − h j (t)) − (pi (t) − hi (t)] exp.= 0 (5) 204

lim
t→∞(b2 j (t) − b2,0(t))

exp.= 0 (6) 205

where
exp.= means “exponentially converges to”. 206

In the defined problem, (5) means that the (m +1) quadro- 207

tors come into the desired formation and (6) means that the 208

Y -axes of the body frames of m + 1 quadrotors are parallel 209

as time goes to infinity. 210

In order to solve the defined problem, the following 211

assumptions are made. 212

Assumption 1 The mass m j of quadrotor j is an unknown 213

constant and m j ≤ m j ≤ m̄ j where m j and m̄ j are known 214

constants. 215

Assumption 2 d1 j and d2 j are continuous functions of the 216

system state and the time and are bounded. 217

Assumption 3 The communication graph Ga is a directed 218

graph and the node 0 is globally reachable. 219

Assumption 4 b2,0(t) is smooth. ḃ2,0 and b̈2,0 are bounded. 220

b�
2,0(t)b3,0(t) = 0 for any time where b3,0(t) = p̈0(t)+ge3

‖ p̈0(t)+ge3‖2
. 221

Assumption 1 is reasonable in practice because the mass of 222

a quadrotor is always bounded by some constant. Since d1 223

and d2 are friction and disturbance, it is reasonable to assume 224

that they are bounded in Assumption 2. 225

Assumption 4 is due to the motion of the quadrotor in 226

(1–2). In Assumption 4, b3,0 is obtained as follows. If the 227

quadrotor moves along the desired trajectory, by (1–2) one 228

has 229

R0e3 = f ( p̈0 + ge3)

m
= p̈0 + ge3

‖ p̈0 + ge3‖2
. 230

Since m j and f j are not zero and R0e3 is an unit vector, b3,0 231

should be the third column of R0. 232

2.2 Kinematics of rotation using quaternion 233

The attitude of j-th quadrotor can be defined by an unit 234

quaternion q j =
[
η j , ε

�
j

]�
where η j ∈ � and ε j ∈ �3. The 235

relation between q j and the rotation matrix R j is defined by 236

R j = R(q j ) = I + 2η j S(ε j ) + 2S2(ε j ). 237
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Noting that for any rotation matrix R, there are exactly two238

unit quaternions, ±q, such that R = R(q) = R(−q).239

For j-th quadrotor, (3) can be written as240

q̇ j = 1

2
A(q j )ω j (7)241

where242

A(q j ) =
[ −ε�

j
η j I + S(ε j )

]
. (8)243

2.3 Notations and preliminary results244

Let L∞ denote bounded functions and L2 denote square inte-245

grable functions.246

For x ∈ �, we define the function247

χ(x) = x√
x2 + e−2κt

(9)248

where κ > 0. If x = [x1, . . . , xl ]� ∈ �l , χ(x) is defined as249

χ(x) = [χ(x1), . . . , χ(xl)]�.250

It can be proved that251

x�χ(x) ≥
l∑

i=1

|xi | − le−κt .252

The results in the following lemma are useful.253

Lemma 1 Consider m+1 agents, where agent 0 is the leader254

agent and agent j is a follower agent for 1 ≤ j ≤ m. The255

state of the agent j is x j . The communication among agents256

is defined by a direct graph Ga and it is assumed that the257

state x0 is globally reachable to all other agents.258

(1) If ẋ0 = 0 and the state of agent j for 1 ≤ j ≤ m is259

defined by260

ẋ j = −
∑

i∈N a
j

a ji (x j − xi ) + u j261

then the system with input u and state x̃ has the262

input-to-state stability (ISS) property [26], where u =263

[u�
1 , . . . , u�

m]� and x̃ = [x�
1 − x�

0 , . . . , x�
m − x�

0 ]�.264

Moreover, if u exponentially converges to zero x̃ also265

exponentially converges to zero.266

(2) If maxt∈[0,∞) |ẋ0(t)| ≤ ν and the state of agent j for267

1 ≤ j ≤ m is defined by268

ẋ j = −
∑

i∈N a
j

a ji (x j − xi ) − νχ

⎛
⎜⎝

∑
i∈N a

j

a ji (x j − xi )

⎞
⎟⎠ + u j269

then the system with input u and state x̃ has the ISS prop- 270

erty, where u and x̃ are defined in item 1. Moreover, if 271

u exponentially converges to zero x̃ also exponentially 272

converges to zero. 273

(3) If maxt∈[0,∞) |ẋ0(t)| ≤ ν0 and the state of agent j for 274

1 ≤ j ≤ m is defined by 275

ẋ j = −
∑

i∈N a
j

a ji (x j − xi ) − ν jχ

⎛
⎜⎝

∑
i∈N a

j

a ji (x j − xi )

⎞
⎟⎠ 276

+u j 277

ν̇ j = −
∑

i∈N a
j

a ji (ν j − νi ) 278

then limt→∞(ν j − ν0)
exp.= 0 and the system with input 279

u and state x̃ has the ISS property, where u and x̃ are 280

defined in item 1. Moreover, if u exponentially converges 281

to zero x̃ also exponentially converges to zero. 282

The lemma can be proved based on the results of properties 283

of Laplacian matrices and ISS properties and is omitted here. 284

3 Controller design 285

The presence of the system uncertainty and the information 286

uncertainty makes the distributed controller design extremely 287

hard when the communication graph is directed. In order to 288

solve the defined problem, we propose the following multi- 289

step controller design approach in which different types of 290

uncertainty are dealt with in different steps. 291

Step 1: In the dynamics of the translation (1–2), m j is an 292

unknown constant and d1 j is an unknown time-varying func- 293

tion. We use a two-layer neural network to learn d1 j . Based 294

on the universal approximation property of neural networks 295

[27], there is a basis matrix φ1 j and an optimal weighted 296

vector θ1 j with appropriate dimensions such that 297

d1 j = φ1 jθ1 j + ε1 j (10) 298

where ε1 j is the approximation error vector and ‖ε1 j‖ ≤ δ1 j . 299

In order to deal with the system uncertainty, an auxiliary 300

system for j-th quadrotor (1 ≤ j ≤ m) is introduced as 301

follows. 302

ż1 j = z2 j + L1 j (p j − z1 j ) (11) 303

ż2 j = −ge3 + β j f j R j e3 + φ1 j θ̂1 j + L2 j (v j − z2 j ) 304

+(p j − z1 j ) + δ1 jχ(eλt (v j − z2 j )) (12) 305

where λ, L1 j (> λ) and L2 j (> λ) are positive constants, 306

κ > λ, β j is an estimate of 1
m j

, and θ̂1 j is an estimate of 307
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θ1 j and will be designed later. Let e1 j = eλt (p j − z1 j ) and308

e2 j = eλt (v j − z2 j ), then309

ė1 j = e2 j − (L1 j − λ)e1 j310

ė2 j =
(

1

m j
− β j

)
eλt f j R j e3 + eλtφ1 j (θ1 j − θ̂1 j )311

+ eλtε1 j − e1 j − (L2 j − λ)e2 j − δ1 j e
λtχ(e2 j )312

To make e1 j converge to zero, we choose a Lyapunov313

function candidate314

V1 j = 1

2
e�

1 j e1 j + 1

2
e�

2 j e2 j + γ −1
1 j

2

(
1

m j
− β j

)2

315

+ γ −1
2 j

2
(θ1 j − θ̂1 j )

�(θ1 j − θ̂1 j )316

where γ1 j and γ2 j are positive constants. The derivative of317

V1 j is318

V̇1 j = −e�
1 j (L1 j − λ)e1 j + e�

2 j

(
1

m j
− β j

)
eλt f j R j e3319

+ e�
2 j e

λtφ1 j (θ1 j − θ̂1 j ) + e�
2 j e

λtε1 j320

−e�
2 j (L2 j − λ)e2 j − γ −1

1 j

(
1

m j
− β j

)
β̇ j321

− γ −1
2 j (θ1 j − θ̂1 j )

� ˙̂
θ j − e�

2 jδ1 j e
λtχ(e2 j )322

We choose323

β̇ j = Proj� j [γ1 j e
�
2 j e

λt f j R j e3] (13)324

˙̂
θ1 j = γ2 j e

λtφ�
1 j e2 j (14)325

where Proj� j denotes the projection to � j =
[

1
m̄ j

, 1
m j

]
326

[28], then327

V̇1 j = −e�
1 j (L1 j − λ)e1 j + e�

2 j e
λtε1 j − e�

2 j (L2 j − λ)e2 j328

− δ j e
�
2 j e

λtχ(e2 j )329

≤ −e�
1 j L1 j e1 j − e�

2 j L2 j e2 j + 3δ1 j e
−(κ−λ)t . (15)330

Lemma 2 For the systems in (1–2) and the auxiliary system331

in (11–12) with update laws in (13–14), the estimates β j and332

θ̂1 j are bounded and333

lim
t→∞(p j − z1 j )

exp.= 0 (16)334

lim
t→∞(v j − z2 j )

exp.= 0. (17)335

Proof For the Lyapunov function V1 j , we have (15). Inte- 336

grating both sides of (15), we have 337

V1 j (t) ≤ V1 j (0) + 3δ j

κ − λ
− 3δ1 j

κ − λ
e−(κ−λ)t < ∞ 338

So, V1 j ∈ L∞. By the definition of V1 j , β j , θ̂ j , e1 j and e2 j 339

are bounded. Noting the definitions of e1 j and e2 j , z1 j and 340

z2 j exponentially converge to zero. So, (16–17) are satisfied. 341

� 342

For the leader quadrotor, an auxiliary system is not 343

required. For convenience, we define 344

z10 = p0, z20 = v0. 345

Step 2: Noting that p1 j − z1 j exponentially converges to 346

zero, (5) is satisfied if 347

lim
t→∞[(z1 j − h j ) − (z1i − hi )] exp.= 0, 0 ≤ i, j ≤ m. (18) 348

We assume that z2 j is a virtual control input and design it for 349

the system in (11–12) such that (18) is satisfied. 350

Let 351

z̃1 j = z1 j − h j − (z10 − h0), 352

z̃2 j = z2 j − ḣ j − (z20 − ḣ0) 353

for 0 ≤ j ≤ m, then 354

˙̃z1 j = z̃2 j + L1 j (p j − z1 j ), 1 ≤ j ≤ m (19) 355

If z̃2 j is a virtual input, the system in (19) can be considered 356

as a linear system with an additional term. We choose the 357

virtual control for z̃2 j as 358

α1 j = −
∑

i∈N a
j

a ji (z̃1 j 359

− z̃1i ) − L1 j (p j − z1 j ) 360

= −
∑

i∈N a
j

a ji (z1 j − h j − z1i 361

+ hi ) − L1 j (p j − z1 j ), 1 ≤ j ≤ m (20) 362

where a ji > 0. With the aid of the virtual control α1 j , we 363

have 364

˙̃z1 j = −
∑

i∈N a
j

a ji (z̃1 j − z̃1i ) + z̃2 j − α1 j . (21) 365

For the systems in (21), the following results can be proved 366

with the aid of Lemma 1 and its proof is omitted. 367
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Lemma 3 For the systems in (21), under Assumption 1, if368

z̃2 j − α1 j exponentially converges to zero for 1 ≤ j ≤ m,369

then z̃1 j exponentially converges to zero for 1 ≤ j ≤ m.370

In this step, it is unknown whether the leader’s informa-371

tion is available to a quadrotor or not. However, with the372

aid of neighbors’ information, the positions of all quadrotors373

converge to the desired position of the leader quadrotor if374

z̃1 j = α1 j .375

Step 3: Let z̄2 j = z̃2 j − α1 j for 1 ≤ j ≤ m, we have376

˙̄z2 j = −ge3 + β j f j R j e3 + φ1 j θ̂1 j + L2 j (v j − z2 j )377

+ (p j − z1 j ) + δ1 jχ(eλt (v j − z2 j )) − α̇1 j − ḧ j378

−ż20 + ḧ0 (22)379

where b ji > 0.380

We assume that f j R j e3 is a virtual control input and381

design it such that z̄2 j is bounded and converges to zero.382

In order to make the system (22) be the form of the systems383

in item 3 of Lemma 1, the virtual control for f j R j e3 is384

chosen as385

α2 j = ge3 − φ1 j θ̂1 j − L2 j (v j − z2 j ) − (p j − z1 j ) − δ jχ(eλt (v j − z2 j )) + α̇1 j + ḧ j386

−
∑

i∈N a
j

b ji (z̄2 j − z̄2i ) + ξ j , z̄20 = 0 (23)387

ξ̇ j = −
∑

i∈N a
j

b ji (ξ j − ξi ) − ρ1 jχ

⎛
⎜⎝

∑
i∈N a

j

b ji (ξ j − ξi )

⎞
⎟⎠ (24)388

ρ̇1 j = −
∑

i∈N a
j

b ji (ρ1 j − ρ1i ) (25)389

where ξ0 = ż20 − ḧ0 and ρ1,0 = maxt∈[0,∞) |z̈20(t) − ḧ0|.390

For the systems in (24–25), by Lemma 1 (item 3 with u j =391

0) ρ1 j exponentially converges to ρ1,0 and ξ j exponentially392

converges to ξ0 for 1 ≤ j ≤ m.393

With the aid of the virtual control α2 j , we have394

˙̄z2 j = −
∑

i∈N a
j

b ji (z̄2 j − z̄2i ) + ξ j − ż20 + ḧ0 + β j f j R j e3 − α2 j(26)395

With the aid of Lemma 1, the system with input (ξ1 − ż20 +396

ḧ0 +β1 f1 R1e3 −α21, . . . , ξm − ż20 +βm fm Rme3 −α2m) and397

state (z̄21, . . . , z̄2m) has ISS property. Since ξ j − ż20 + ḧ0398

exponentially converges to zero for 1 ≤ j ≤ m, z̄2 j expo-399

nentially converges to zero if β j f j R j e3 −α1 j exponentially400

converges to zero for 1 ≤ j ≤ m.401

Step 4: We find f j and the desired orientation Rd
j for j-th402

quadrotor. Let403

f j Rd
j e3 = α2 j (27)404

where Rd
j = [bd

1 j , bd
2 j , bd

3 j ], then 405

f j = ‖α2 j‖ (28) 406

bd
3 j = α2 j

‖α2 j‖ . (29) 407

In (29), bd
3 j is not defined if α2 j = 0. In this case, we define 408

bd
3 j as follows 409

bd
3 j = α̇2 j

‖α̇2 j‖ . 410

To define bd
1 j and bd

2 j , the information b2,0 is required. 411

However, b2,0 is not available for all quadrotors. We propose 412

the following distributed observer for j-th quadrotor. 413

ṙ j = −
∑

i∈N e
j

a ji (r j − ri ) − ρ2 jχ

⎛
⎜⎝

∑
i∈N e

j

a ji (r j − ri )

⎞
⎟⎠(30) 414

ρ̇2 j = −
∑

i∈N e
j

a ji (ρ2 j − ρ2i ) (31) 415

where r0 = b2,0 and ρ20 = maxt∈[0,∞) |ḃ2,0(t)|. 416

For the systems in (30–31), under Assumption 1, by 417

Lemma 1 limt→∞(r j − b2,0)
exp.= 0 and limt→∞(ρ2 j − 418

ρ2,0)
exp.= 0 for 1 ≤ j ≤ m. 419

We choose 420

r̄ j = r j − r�
j bd

3 j b
d
3 j (32) 421

bd
2 j = r̄ j

‖r̄ j‖ (33) 422

bd
1 j = bd

2 j × bd
3 j . (34) 423

The desired attitude of R j is chosen as 424

Rd
j =

[
bd

1 j , bd
2 j , bd

3 j

]
(35) 425

and the desired quaternion qd
j = [ηd

j , (ε
d
j )

�]� of q j is calcu- 426

lated by the equations (166–168) in [29] which are omitted 427

here. The desired angular velocity is calculated by 428

ωd
j = 2A(qd

j )
� dqd

j

dt
. (36) 429

Step 5: Since q j is not a control input, q j cannot be qd
j . Let 430

the difference between q j and qd
j be 431

q̃ j = (qd
j )

−1 ⊗ q j = [η̃ j , ε̃
�
j ]�, (37) 432
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Fig. 1 Configuration of a
quadrotor

Noting that433

f j R j e3 − α2 j = f j R j e3 − f j Rd
j e3 = f j Rd

j (R̃ j − I )e3434

= f j Rd
j (η̃I3 + S(ε̃ j ))S(e3)ε̃ j435

we have436

˙̄z2 j = −
∑

i∈N a
j

b ji (z̄2 j − z̄2i ) + ξ j − ż20 + f j Rd
j (η̃I3437

+S(ε̃ j ))S(e3). (38)438

For the systems in (38), the following results can be proved439

with the aid of Lemma 1 and the proof is omitted.440

Lemma 4 For the systems in (38), under Assumption 1, if q̃ j441

exponentially converges to an identity quaternion for 1 ≤442

j ≤ m, then z̄2 j exponentially converges to zero for 1 ≤ j ≤443

m.444

The derivative of q̃ j is445

˙̃q j = 1

2
A(q̃ j )(ω j − R̃�

j ωd
j ) (39)446

where R̃ j = (Rd
j )

� R j .447

Fig. 2 Communication graph between VTOL vehicles

We choose a Lyapunov function candidate 448

V2 j = 2(1 − η̃ j ) = ε̃�
j ε̃ j 449

+(1 − η̃ j )
2 (40) 450

The derivative of V2 j is 451

V̇2 j = ε̃�
j (ω j − R̃�

j ωd
j ) 452
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Fig. 3 Desired formation

To make q̃ j converge to an identity quaternion, a virtual con-453

troller μ j for ω j can be chosen as454

μ j = −k1 j ε̃ j + R̃�
j ωd

j (41)455

where k1 j is a positive constant. Then,456

V̇2 j = −k1 j ε̃
�
j ε̃ j + ε̃�

j (ω j − μ j ).457

Step 6: Since ω j is not a real control input, one cannot let458

ω j be μ j . Define459

ω̃ j = ω j − μ j ,460

then,461

˙̃q j = 1

2
A(η̃ j , ε̃ j )(−k3ε̃ j + ω̃ j ) (42)462

J j ˙̃ω j = S(J jω j )ω j + τ j − J j μ̇ j + d2 j463

= τ j − (S(ω j )�(ω j ) + �(μ̇ j ))a j + d2 j (43)464

where�(ω j ) = diag([ω�
j , ω�

j , ω�
j ]) and a j = [J 1

j , J 2
j , J 3

j ]�465

where J i
j is the i-th row of J j .466

A neural network is applied to approximate d2 j . Let φ2 j467

be a collection of basis vectors, there exists an optimal vector468

θ2 j such that469

d2 j = φ2 jθ2 j + ε2 j (44)470

where ε2 j is the approximation error vector and ‖ε2 j‖ ≤ δ2 j .471

To design a control law such that (5–6) are satisfied, we 472

choose a Lyapunov function candidate 473

V3 j = V2 j + 1

2
e2λt ω̃�

j J j ω̃ j + γ −1
3 j

2
(a j − â j )

�(a j − â j ) 474

+γ −1
4 j

2
(θ2 j − θ̂2 j )

�(θ2 j − θ̂2 j ) 475

where γ3 j and γ4 j are positive constants, â j is an estimate 476

of a j , and θ̂2 j is an estimate of θ2 j . The derivative of V3 j is 477

V̇3 j = −k1 j ε̃
�
j ε̃ j + ε̃�

j ω̃ j + e2λt ω̃�
j (τ j − (S(ω j )�(ω j ) 478

+ �(μ̇ j − λω̃ j ))a j + φ2 jθ2 j + ε2 j ) 479

−γ −1
3 j (a j − â j )

� ˙̂a j − γ −1
4 j (θ2 j − θ̂2 j )

� ˙̂
θ2 j . 480

The control law τ j and the update laws â j and θ̂2 j are chosen 481

as follows: 482

τ j = −k2 j ω̃ j − e−2λt ε̃ j + (S(ω j )�(ω j ) 483

+�(μ̇ j ) − λω̃ j )â j − φ2 j θ̂2 j − δ2 jχ(eλt ω̃ j ) (45) 484

˙̂a j = −γ3 j e
2λt (S(ω j )�(ω j ) + �(μ̇ j ) − λω̃ j )

�ω̃ j (46) 485

˙̂
θ2 j = γ4 j e

2λtφ�
2 j ω̃ j (47) 486

where k2 j is a positive constant. Then, 487

V̇3 j = −k1 j ε̃
�
j ε̃ j − k2 j e

2λt ω̃�
j ω̃ j − δ2 j e

2λt ω̃�
j χ(eλt ω̃ j ) 488

+eλt ω̃�
j ε2 j 489

≤ −k1 j ε̃
�
j ε̃ j − k2 j e

2λt ω̃�
j ω̃ j + 3δ2 j e

−(κ−λ)t . (48) 490

Based on the above controller design procedure, we have 491

the following results. 492

Theorem 1 For a leader quadrotor and m follower quadro- 493

tors in (1–4), it is given a desired formation defined by h j for 494

0 ≤ j ≤ m. Under Assumptions 1–3, the distributed control 495

inputs ( f j , τ j ) in (28) and (45) ensure that (5–6) are satisfied 496

and (β j , â j , θ̂1 j , θ̂2 j ) are bounded. 497

Proof Integrating both sides of (48), it can be shown that 498

V3 j ∈ L∞. So, ε̃ j ∈ L∞, eλt ω̃ j ∈ L∞, â j ∈ L∞, and 499

θ̂ j ∈ L∞. So, ω̃ j is bounded and exponentially converges to 500

zero. Integrating both sides of (48), it can also be shown that 501

ε̃ j ∈ L2. By Lemma 1 in [30], ε̃ j converges to zero. So, q̃ j 502

converges to an identity quaternion for 1 ≤ j ≤ m. 503

Next, we show q̃ j exponentially converges to an identity 504

quaternion for 1 ≤ j ≤ m. With the aid of V2 j , we have 505

V̇2 j ≤ −k1 j

2
ε̃�

j ε̃ j + k1 j

2
‖ω̃ j‖2

506

= −k1 j

2
V2 j + k1 j

8
V 2

2 j + k1 j

2
‖ω̃ j‖2

507
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Fig. 4 Time response of
p j − z1 j for 1 ≤ j ≤ 4
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Fig. 5 Time response of
v j − z2 j for 1 ≤ j ≤ 4
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Fig. 6 Time response of
p j − h j − (p0 − h0) for
1 ≤ j ≤ 4
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Fig. 7 Time response of
b2 j − b20 for 1 ≤ j ≤ 4
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Fig. 8 Time response of β j for
1 ≤ j ≤ 4
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Fig. 9 Time response of ai j for
1 ≤ j ≤ 4 and 1 ≤ i ≤ 3
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Since η̃ j converges to one, there exists a finite time T such508

that V2 j is less than one. After time T ,509

V̇2 j ≤ −k1 j

2
V2 j + k1 j

8
V2 j + k1 j

2
‖ω̃ j‖2

510

= −3k1 j

8
V2 j + k1 j

2
‖ω̃ j‖2

511

Noting ω̃ j exponentially converges to zero, it can be shown512

that V2 j exponentially converges to zero with the aid of the513

comparison lemma in [26]. So, q̃ j exponentially converges to514

an identity quaternion for 1 ≤ j ≤ m after a finite time. With515

the aid of Lemma 4, z̄2 j exponentially converges to zero after516

a finite time for 1 ≤ j ≤ m. By Lemma 3, z̃1 j exponentially517

converges to zero after a finite time for 1 ≤ j ≤ m. With the518

aid of the definition of z̃1 j , (18) holds. So, (5) is satisfied. (6)519

is satisfied because q̃ j exponentially converges to an identity520

quaternion after a finite time. �521

In the controller design procedure, the uncertainty in the522

dynamics of each quadrotor and the uncertain knowledge523

of the leader’s information are dealt with in different steps.524

We call this design procedure the uncertainty decomposition525

approach.526

In Theorem 1, in order to make the quadrotors come into527

the desired formation exponentially the control laws and the528

adaptive update laws contain the term eλt . If we choose a529

weight function carefully, it is possible to make the quadro-530

tors come into the desired formation within a finite time.531

They are omitted due to space limitation.1 532

4 Simulation results533

The proposed results can be applied to design distributed534

controllers for formation flying of multiple quadrotors. Con-535

sidered five quadrotors. The configuration of each quadrotor536

is shown in Fig. 1. The dynamics of quadrotor j can be writ-537

ten as (1–4), where the total thrust f j and the generalized538

moment vector τ j are generated by the four rotors. For sim-539

plicity, we ignore the dynamics of each rotor and consider540

f j and τ j as control inputs. In the simulation, it is assumed541

that m j = 1kg and inertia tensor J j = diag([1, 1, 1])kg m2.542

In the controller design, m j and J j are not exactly known.543

However, it is known that m j ∈ [0.8, 1.2]kg, i.e., m̄ = 1.2kg544

and m = 0.8kg.545

In the simulation, it is assumed that the trajectory p0 and546

b2,0 of the leader VTOL vehicle are547

p0(t) = [
100 cos t

20 , 100 sin t
20 , 10 − 10 exp(−0.1t)

]�
548

b2,0 =
[

sin
π t

360
, cos

π t

360
, 0

]�
.549

The communication directed graph is shown in Fig. 2. It is 550

can be verified that node 0 is globally reachable. 551

The desired formation for quadrotors is shown in Fig. 3, 552

where h0 = [0, 0, 0]�, h1 = [0, 5, 0]�, h2 = [−5, 0, 0]�, 553

h3 = [0,−5, 0]�, and h4 = [5, 0, 0]�. 554

Distributed control laws can be designed with the aid of 555

the procedure in the last section. The simulation was done for 556

one group of control parameters. Figures 4, 5 show the time 557

response of p j − z1 j and v j − z2 j , respectively. It is shown 558

that z1 j and z2 j are good estimates of p j and v j , respectively. 559

Figure 6 shows the time response of p j − h j − (p0 − h0) 560

for 1 ≤ j ≤ 4. It is shown that the VTOL vehicles come 561

into the desired formation and follow the leader quadrotor. 562

The time response of b2 j − b20 is shown in Fig. 7, which 563

shows that the Y-axis of the body frame of each quadrotor 564

converges to the desired direction. The estimate β j of 1/m j 565

for 1 ≤ q j ≤ 4 are shown in Fig. 8. The time response of âi j 566

for 1 ≤ j ≤ 4 and 1 ≤ i ≤ 3 are shown in Fig. 9. They are 567

bounded and confirm the claims in the theorem. The above 568

simulation results show the effectiveness of the results in 569

Theorem 1. 570

5 Conclusion 571

This paper considered the formation flying of multiple 572

quadrotors with a desired attitude in the presence of paramet- 573

ric and nonparametric uncertainty. With the aid of the back- 574

stepping technique, a multi-step controller design approach 575

has been proposed. With the aid of the proposed approach, 576

distributed robust adaptive controllers were proposed such 577

that the formation tracking errors and the attitude track- 578

ing errors exponentially converge to zero. Simulation results 579

show the effectiveness of the proposed controllers for forma- 580

tion flying of five quadrotors. 2581
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