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Abstract

A parallelohedron is a convex polytope P that admits a face-to-face
tiling TP of Rd by its translates.

The central conjecture concerning parallelohedra is the one by G. Voronoi
(see [2]).

Conjecture 1. Every d-dimensional parallelohedron P is affinely equiva-
lent to a Dirichlet-Voronoi domain for some d-dimensional lattice.

Conjecture 1 has not been proved or disproved so far in full generality.
However, several significant partial results have been obtained. For many
approaches the study of local structure of TP is important.

Definition 1. Denote by π the projection along linF onto the complemen-
tary affine space (linF )compl. Then there exists a complete k-dimensional
poyhedral fan fan(F ) (the fan of F ) that splits (linF )compl into convex poly-
hedral cones with vertex π(F ), and a neighborhood U = U(π(F )) such that
every face F ′ ⊃ F corresponds to a cone C ∈ fan(F ) satisfying

π(F ′) ∩ U = C ∩ U.

Remark 1. Speaking informally, fan(F ) has the same combinatorial struc-
ture as the transversal section of TP in a small neighborhood of F .

In 1929 B.N. Delaunay (see [1]) proved the key result.

Theorem 1. Let P be a d-dimensional parallelohedron and F be a (d− 3)-
imensional face of TP . Then fan(F ) has one of the 5 combinatorial types
shown in Figure 1. Moreover, each of these types is realized for some 3-
imensional tiling.

We give a combinatorial proof of Theorem 1. Also we prove a general
result on fans of faces.

Definition 2. Let

ν(F ) = card {P ′ ∈ T (P ) : F ⊂ P ′}.

ν(F ) is called the valence of the face F .
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Figure 1: 5 possible fans of (d− 3)-faces

Theorem 2. Let P be a d-dimensional parallelohedron and F be a (d− k)-
imensional face of TP . Then

ν(F ) ≤ 2k.

Theorem 2 immediately implies

Corollary 3. Given k ∈ N, there exists a set of complete k-dimensional
polyhedral fans

{Ck1 , Ck2 , . . . , CkN(k)}
such that for every d, every d-parallelohedron P and every (d−k)-face F of
TP the fan of F is isomorphic to some Cki .
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