T\r\c dis]f("\\)u\'ion 0(: ceduced m\'ior\a\s

in the unit interval

Alan Hajnes
Un\vCrs'\{J of Houston

‘Soc\( S"Of\l}{ and main result

Sander, Meiss (To\1):

Motivated by o numerical simolation in dynamical
sns’cems, Souj\r\\' to dis’tiﬂjuis\n between computer
3encm’c€.d approximations which represent rakional
numbers, and those which represent itrationals.
Basic question: LFf you choose a random interval

of some fixed diameter, how \que, sheuld qoo expect
the. smallest denominator of o frackion in  tais
interval fo be 7

More. pre.c‘\se,\j:

Fix §e€(o), de Fine ck...;.ﬁ\'.o,\']—)N b:)

C\m;n(n\= min { qeM: J3e€ QN (x-%, x+ 5f) 7

foticall
Question: What is ELC{'M;“] ? (GSUY"\P \C“\\\’)
as §—20



The (Clen, B, 2021): As § -0,

E[%«\m] = S O(\Ost)-

_"_
™t §4
\\\olsalﬁo“‘_

f ()= O(j(nﬂ, x€D & 1C>0 st ¥xed, lfl< C'lJ(x\\

Previous re\o’re d work

For NeMN and lsie N, define
ﬁ)N':N\.\!\{V'- 3b/f€®“ %,‘ﬁ—]]/

N
S (N = z_ (‘.(
and let 3 T A (cm\ take C,= VT\"'/ Ce= qé)

: KtUjsw'\\')\C, Meijcr (1977) : 3¢, C.>0 s.t. Y New,
CN® < S(N) s C,N™

C,ou")c.c,\-ute,'. SCNY~ |6 . R QCJOT\S\S&'CV\'\‘ hCUT\ShCQ“:’})
T with our result

* Stewark (z013): 135N € S(N) & 2.04-N%
* Balazacd 3 Martin (mo.rc‘n Z,OZ'S}'-
(W)= \%5_1. N7+« o (N loJ‘N).
Proof uses our result, \'o:]e,\'\\or with o detailed
am\us'\s whidh also  relies on  Weil's  estimate

for Xloosterman  soms.



ﬁac\tjcwnd material

. Fo.fej fractions of arder QeN:
Tos {%( : 0,161/ O<a<qsQ, (G,Oﬁ} € Lo1) ,
token with the osval ovderinj 0 Cop).
Fa= {rr\ <V Ty 3
N t
*To= L@@ = 3(0)= 5@+ 0@l @)

\ Eoler ?h'\ fonction
Ex: Q=7 , ¥(Q)\=1I%
NS AR AR AR AT AL R AS
‘\:O.f{. \'\'ce:
j = X
A
/3\ /3\
R 3" 3

] 3 S o

===

r Q
This ’\W\?\'\Cs ok (,q‘,r\‘;\ and thot rz=a™ med 9.

-T6 b ¢ & are consecutive in TFg then or-bcv\ .

LY

-Tf 2; <d¢ °‘__“ are consecutrive in 'Ek then Q=q+q".
T 1 g
. \= -.\
Se 3\\16(\ %} Wwe.  Can CIDM‘)U*C (1 o mod (\ /

\-‘-c\‘ia\} and  Yhen C(\'-'-C\-CQ.



"“\C MQ? ¢Ql‘ rFQ"a’{(mm)G\Nt‘ \€n <mse G./ (,"'\m)"\?

defined by ¢a(§): ( ((%,'\3\ -.& \:Z\ is a bijeetion.

A
_—
i} 2 ()
‘\6']:& —> //::.E
o)

fef \‘\G.Ta.jjt wﬁjx\\'/ An T—n‘ﬂ‘od\lchm bo the Tke.org
of Nombecs, Ch.3.

-Disteibution of Ty
Uniform distribubion: Ywe [0,\1/
#{Te Ty Telo,d § ~ o 3(a) , as Q-
= Y Riemonn ‘m\ejm\ﬂe_ f:tond—= C,

3 fm %25 (Cfoax
$(Q) 7¢Fa

‘ D’\scrcpaucj . Yxe [0,\1/
:w{’re']:az 76[0,4]} = «&(Q) + O(Qloj G!) )
E(\U'N m\cf\‘\'\j . Y«e Copnl,

L \ Xl - o) &€ Qlog Q.
Tty Lo, o) ) N

Notation: Hx)«:lhc) means  flx)= O(J(ﬂ).



'—Lm?roveme.n‘\'si VQGN/ «€ Lol], define

L \ Yy - o
1 (tuatn - )

Niederreiter (1973): 1¢,c.70 st. VaeN
EQKM) € C;Q .

Eq(.‘n =

C,.Qs W
< 0,\]

Lowﬂr 50\:“6‘ .

g
Eo(g)=\t-§ 3| > Q.

—‘o 1—

+GWhat abaot u\leraae_ valves of EQU) 7

VQG“\\} dzz‘:.\(\e
Ea= L %.)E (") .
$(a)
Noke:
i(a)
Eq= L L A\ omylN -7
SRS J IR AR
i(a) :
’i(a) <
g5
Neidecreiter: €< Q. v
Besk known: 1c>0 4. B < Q¢ exp | 2Clloa a) )
(‘oalo\io.)o"'



Conjeckure 11 Y270, Eq« Q.
* Londay (1924): Gonj. L & RY.
I\c?. Frane\ (1124)
C_On:)e.c,\'ure_ 2:3A5<) b B o« Q.
C_On:)C.C'\’UfC 3:¥e>0, Egf3)« Qe*t. (easier?)
Equiv. to KB on GRW for  Dirichler L-funchion
with  0dd characker mad 3.

Back Yo pain ;\'OFL

$€(01);  Quin(X)= min { qeMN: 3 5€ @nx-%, x+ ) Ji
The (Chen, B, 2021): As §-—=0,

Skefch of proot:
Step \: Compute the PMF  of qeint £ 11 = M.,
PME: p:i N —=Co\),
o= A {xe Lo qualr=q7)
Step Tt Com‘au\'e. EC Quin ) -

E[.acknin] = E

q€N v P(‘O



Step |2 Compute  the PMF  of Qrint Lo 11— N
§€09,1);  Guin(¥)= min { aeMN: 35 @n(x-%, x« ) ]
PME: p: N—=Co 1,
plaQ)= 'X({xe Cop1) * Quinlx)= c\—})
‘Let Q=151+ 1. Then o

I 1
x=%4 X x+ %

VxeLopl ), quatellz,...,al.
T\'\Q(‘QQO!‘& P(GO‘-'—O (:or ck?@

- Y 7e Ty define T, Lo b:‘
Loy = Lo, 8l )V (\-8f, ()
’.[.q/&= {xe. Lonl ¢ ﬁ\e(x—S/L, x+$/1.), c\,;,\(x)-—c\’] ,af L.

Nok difficult to show fhat -
+ For ‘\21/ I-o.,‘ s on '\(\*CF\IQ\.
- LE YT €T | T+F , then
—.[-7 n-.[.s: = ¢

N qell @l plQ= L MTa)
(°-|‘\\=\



D) FGSS'\b'\\\*'\CS for -—L-a/,\'-

cl o
1
ol
If ¢0_nc\ ]
| ol vo[n 4 %|e
woley +
< w1
w1 o.*..o\ \0_ 18 ro._L
. tu._z ~— _IJaO_‘o\
clo” Vs _
ﬁ <+ olo — r T ol
u ol
-o|o” \Jn.\ L .M_Z t+
3 wd =1+ sl o Cod "
H = ole
{ Lo 1
ole’ qﬂ ﬁ Tele I f.
S
_T_ %.o_.o\
S
-1 -

Ny

T a)



4 t 7] —
2: _‘1'*8 2 a'_§ ot
T 2 Qa9 z
MTa 7=(a“_i)_(g+;)
=__\\—_S'.= - \ ~ - S
L&\ qlq-q
'!SI'_) L <$ -=..§’,\ T =0
ﬂ\‘\\ ( a,()
T\'\M Foc

%€ (0)1), p)=plr1=F%,

F(.‘\\" 7! ‘ﬂ,(qliu {‘{.\j S') , ((23/

q4q" = q
where (L means (g9 \)
t if Y3,
T . = C3 i{' ?(1\'5";’
(=B it) =\ WSpot if Febe oy,
0] '\{' “’o(-\-F,

.5(—-:!'\.\!\("(’5) and E: qu'(*lF)‘



SRP (O Cow\fu\'e. EC cknin-] :

\ | -
1 | °
\ -
T
Ta
™
N/ = \
VA | S
L/ : Q- 0
| R
| | | _1
9~| Le 'Q'J Ly
3 r T L el
L%‘"m] ‘\GN (\ P(‘\ V2 \ 4‘61 %F \-
Ex (“Sj)‘}:g'\% Q€L
T ()= § L @)= § L T M)
o, PV g VTR TR
=9 f. dyuld) T
as ‘I‘ l‘~‘ﬂ= ("(‘L)* 0( S-‘lf.)

N
T s AF o(ags'“ ms\)_\)

= %‘15"" * O(\oj(‘/ﬂ)



Olher sums ace Qrojfcss‘\\le.\j mote.  difficult ...

C\P(&\ 6ﬂ(1l032_+ T4 _ 8) S T + O(lOJ (‘I‘))

‘\62.,_
0\613 ﬂ"(\\ = Gﬁ- K'N‘ilo 2 - u.szf- ; w&) g O(loJ )
‘\el.‘ c“:(t\ i K lH‘Jz) 7™ O(loJ'(S\)

ng_gmﬂs_&s

1) Find  on os:’mP\-oHc formula  for fhe expected vale
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