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Inverse Scattering Transform method to solve integrable systems
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DNLS: the derivative NLS (nonlinear Schrédinger) system

B Marchenko method to solve the DNLS system
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B Marchenko method to solve the semidiscrete DNLS system
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Inverse scattering problems

m " (k,x) + V(x)¥(k, x) = k® (K, x), x eR*

m RT :=(0,400), halfline, x >0; prime: x-derivative

m k2 : spectral parameter

m potential V(x): decaying as x — +oo

m physical solution v: ¥ (k, x) = e~ * + S(k) e®™ 4+ 0(1),  x — +oo

m scattering function S(k)

m inverse scattering problem: given S(k) for all k > 0, determine V/(x) for all x > 0
m other inverse scattering problems for differential/difference equations/systems

m inverse scattering problems: given S(k, t) for all k > 0, determine V(x,t) forall x > 0
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The Marchenko method

m Vladimir A. Marchenko, from Ukraine, 100th anniversary
m one-to-one correspondence between S(k, t) and V(x, t)
m use a Fourier transform on S(k, t) and obtain F(y, t)

m use F(y, t) as input to the linear Marchenko integral equation
oo
B K(x,y,t)+ F(x+y,t) +/ dzK(x,z,t)F(z+y,t) =0, y>x, teR
X

m from the solution K(x, y, t), use K(x,xT,t) to recover V(x, t) at each fixed t
m Marchenko method exists for some differential/difference equations/systems

m no Marchenko method for many other differential/difference equations/systems
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Application to integrable nonlinear systems

Inverse Scattering Transform method to solve IVPs for integrable nonlinear systems

B associate the nonlinear system with a linear system

solution u(x, t) to the nonlinear system appears as a coefficient in the linear system

goal is to obtain the solution u(x, t) when u(x, 0) is given

m use the Inverse Scattering Transform method to solve u(x, 0) — u(x, t)

direct scattering for linear system at t=0

u(x,0) S(k,0)
solution to nonlinear systeml ltime evolution of scattering data
u(x, t) S(k, t)

inverse scattering for linear system at time ¢
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The Marchenko method to solve integrable systems

m extend the Inverse Scattering Transform method

direct scattering at t=0 Fourier transform at t=0
ux,0) ————— $§(k,0) ————  F(,0)
solutionl llime evolution ltime evolution
u(x, t) < — Sk, 1) < , ; F(y,t)
inverse scattering at time ¢ inverse Fourier transform at time t

m recover the potential from the solution to the Marchenko equation

Marchenko kernel at t=0 time evolution
ux,0) ——  F(,0) —  F1
solutionl linput to Marchenko equation

u(x,t) +—— K, xTt) +—— K(x,y,1)

recover the potential recover the potential
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The general DNLS system

m linear system for general DNLS (three complex parameters a, b, )
d m —iX+ (ib/2) gr kvVXq [a
e (8] | (1/m)VAr  ix+(ia/2)ar| L8

m DNLS system [two parameters (a — b) and «]

}, X, teR.

2(a— —b—1
iQt+qu+iH(a—b—2)qur+iR(a—b—1)q2fx+H(a b)Ela b )q3r2:0,

K2(a— b)(4a— b-1) 25 _,

(0,0,1), (DNLS |, Kaup—Newell system),
(a,b,k) =< (1,0,1), (DNLS II, Chen—Lee—Liu system),
(1,—-1,1), (DNLS Ill, Ivanov—Gerdjikov system).
m Marchenko method with (a, b, <), or Marchenko with (0,0, 1) and transform to (a, b, k)

i —rx+ix(@a—b—2)qrr +ik(a—b—1)ger? —

q(x,t) — 1; q(x,t) E(x,t)P~2, r(x,t) — wr(x, t) E(x, )32,

E(x, 1) = exp (é l Xoo dzq(z,t) r(z, z)) .
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The DNLS system (DNLS I, Kaup—Newell)

m linear system associated with the DNLS system
d [« —ix  VAg| [a
- = , x,teR.
dx | VAr i B

{iqt + gxx — i(qrg)x =0,

it — ree — i(rgr)x = 0,

m DNLS system

X, teR.

m AKNS system associated with the NLS system
3

d —ix Ul TE
il = , X, teR.
ax H { v fJ M

{iu, + Uxx — 2UPv =0,

m NLS system

X, teR.
Ve — Vx + 2uv2 = 0,
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The Marchenko method for the DNLS system

m linear system of Marchenko integral equations

0 0 Ki(x,y,t)  Ki(x,y,1)
{o 0:||:R2(X7}/7t) Kao(x,y,1)

0 Qx+y,b)
Q(x+y,t) 0

oo 4 {—iK1(x7 2, )Q(z+y,t) Ki(x,z,) Qz+y,1) ]
+/ z — —_ b
x Ko(x,z, )z +y,t)  iKa(x,2,5)Q(z+y,t)

m reflection coefficients R(+v/A, 0) and R(v/), 0)

m bound-state data via the matrix triplets (A, B, C) and (A4, B, C)

1 R 0 2
Qy,t): o | d)\ (g ) eHirTt //\Y+Ce4IAI /AyB

~ e R 0
Qy,t): 271_/ (\F ) —41)\2t 71>\y+cef4lA2t 7lAyB
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The Marchenko method for the NLS system

m linear system of Marchenko integral equations

0 0 Ki(x,y,t)  Ki(x,y,t)
|:0 0:| a |:R2(X:.y7 t) K2(X7Y7 t)

0 Qx+y,1)
Qx+y,t) 0

Ki(x,z2,)Q(z+y,1) Ki(x,z,)Q(z+y,1)

_ _ s x<y.
KZ(szvt)Q(ZJ’_yvt) KZ(X727T)Q(Z+y7t)

+/ az
X

m reflection coefficients R(\, 0) and R(), 0)

m bound-state data via the matrix triplets (A, B, C) and (A, B, C)

m use of (A, B, C) and (A, B, C) allows any number of bound states with any multiplicities
1 e 4iN2t X 4iA%t LA
Q(y,t)::z—/ dAR(A,0) € eV 4+ Ccet e B,
T J—o00

_ 1 oo , , _ . P
Dy, 1) = o / dAR(X,0) e ¥\ Te N 4 Co ¥R te WV B
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Recovery via the Marchenko method for the DNLS system

m recovery of potentials g(x, t) and r(x, t) and the key quantity E(x, t)

q(x,t) = —2Ki(x, x, t) exp (—4 /oo dz [Ki(x, x, 1) — Ka(x, X, 1‘)]) ,
r(x, t) = —2Kx(x, x, t) exp (4 /Oo dz [Ki(x, x, 1) — Ka(x, X, t)]) ,

E(x,t) = exp (2 /Xoo dz [Ki(x, x, t) — Kao(x, X, t)]) )

m reflectionless case: separable-kernel Marchenko system and hence explicit solutions
m closed-form, compact formulas for explicit solutions involving matrix exponentials
m “unpacking” matrix exponentials yields explicit solutions in terms of elementary functions

m animation of explicit solutions via Mathematica
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The reductions r = +g* in the Marchenko method for DNLS

m reduced Marchenko equation in one dependent variable Kj(x, y, t)
Ki(x,y, ) £ Q(x + y,t) j:i/ dzKi(x,z2,) Q' (z+ s, ) Qs+ y,t)* =0, y > x.
X
m input Q(y, t) to the Marchenko equation

1 oo R . . ) )
Qy,t) = z/ d\ (\/\/XX’O) 4Nt giny 4 C "Rt oM B,

m recovery of the potential q(x, t)

GOx, ) = —2K; (X, X, £) exp (14/'/00 dz|Ki(2, 2, z)|2) .
X
m reflectionless case: input to the Marchenko equation
Q(y,t) = Ce*”’t e B,
m kernel Q(z + y, t) separable in z and y in the reflectionless case
Q(z+y,t) = Ce¥i’t gihz gy B,
m closed-form, compact formulas for explicit solutions, animations via Mathematica
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Reflectionless case: Explicit solutions for the DNLS system

m use (A, B, C) and (A, B, C) as input to the Marchenko system
m obtain the Marchenko solution Ki(x,y,t), Ka(x, ¥, 1), Ki(x,y,1), Ka(x, ¥, t).
m evaluate Ki(x,x, 1), Ka(x, x,t), Ki(x, x, 1), Ko(x, X, 1).

m obtain g(x, t) and r(x, t) via
q(x, t) = —2Ky(x, x, ) exp (—4 /oo dz [Ki(x,x, 1) — Ka(x, X, t)]) ,
r(x,t) = —2Ko(x, x, t) exp (4 /oo dz [Ki(x, x, t) — Ko(x, x, t)}) .

m animation of |q(x, t)| and |r(x, t)| using Mathematica

m Mathematica notebook using (A, B, C) and (A, B, C) as input
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Reflectionless case: Solution steps for the DNLS system

m construct M and M by solving
AM - MA=iBC, A—AM=iBC.
m construct ['(x, t) and T(x, t) via
r(x,t) = 1— @IAXH4IA N A o—2iAX—4it [ oiAX
{F(x, 1) = 1— o~ IAX—4iA21 iy 7 RIAX+4iAPt g po—iAX
m construct Ky (x, y, t), Ko(x, ¥, 1), Ki(x, ¥, 1), and Kp(x, y, t) via
Ki(x,y, 1) = —Ce A F(x, 1)~ e~Av—4iAt B,
Ko(x,y,t) = C e T(x, 1)~ QIAX+4IARt |1 7 o—IA(x+y)—4iA%t B,
Ki(x,y,t)=C o—iAx F(x, 1)~ o~ IAX—4iR2t iy A piA(x+y)+4iAPt B,
Ko(x,y, 1) = —C e T(x, 1)~ eA+4ilt g,

m obtain g(x, t) and r(x, t) explicitly in terms of (A, B, C) and (A, B, C)
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Recovery via the Marchenko method for the NLS system

m recovery of potentials q(x, t) and r(x, t) and the key quantity E(x, t)

u(x, t) = —2Ki(x, x, t),
v(x, t) = —2Ky(x, x, t).

m reflectionless case: separable-kernel Marchenko system and hence explicit solutions
m closed-form, compact formulas for explicit solutions involving matrix exponentials
® “unpacking” matrix exponentials yields explicit solutions in terms of elementary functions

m animation of explicit solutions via Mathematica
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The discrete DNLS system

m discrete linear system associated with the semidiscrete derivative NLS system

[an} _ {Z (z=1/2)an :| [anH] neZ teR

Bn zrn 1/z4+(z—=1/2)qnrn] | Bnt

m semidiscrete DNLS system
9n+1 an an 9n—1 _
_ — + =0
1— An+1"n+1 1—qnmn 1+ qnlny1 14+ Qgn_1rn

ign +

7 e Iq —

_ n+1 n + n _ n—1 - 0.
1+ Qnrpsq 1+ Qgn_1m 1 —qnm 1 —Qn_1n—1

/’f.'n
m discrete linear system associated with the semidiscrete NLS system
én z ZUn] [€ns1
= , nez, tecR.
Mn (1/z)van  1/z] 7041

m semidiscrete NLS system

iln + Upyq — 2Up + Up_1 — UnUpy1Vn — Up_1UnVn = 0,
iVn — Vgt + 2Vn — V1 + UnVnVnyt + UnVp_1Vn = 0.
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The Marchenko method for the semidiscrete DNLS system

m linear system of Marchenko integral equations
Kim  Kim
(2 (2) *
Knm Knm
>0 [R,SP K,(,;)} [ 0 s’2,+m} [o o]
+ Z = , m > n.

k0 k@m0 ] o o

0 Qnim
Qnim 0

m reflection coefficients R(z,0) and R(z,0)

m bound-state data via the matrix triplets (A, B, C) and (A, B, C)

Q= Qi dzRe M=z k=1 | g tA-AT gk=1B  keyen,
iyl

Q= T ?{dzl_?e”(z*zq)2 k=1 4 CeA-AT (A)"k=1B K even,
il

Qx:=0, Q:=0, Kk odd.
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The Marchenko method for the semidiscrete NLS system

m linear system of Marchenko integral equations
(1 1
K K
(2 (2) *
Knm Knm

= [K( kD [ 0 Q,+m] {o o}
+ Z _ = s m>n.
i KB K@ [Qym 0 00

nl nl

0 Qnim
Qnim 0

m reflection coefficients R(z,0) and R(z,0)

m bound-state data via the matrix triplets (A, B, C) and (A, B, C)

Q= 1 fgzRe ez ko1 o g gittA-ATTY

Ak B, K even,
2mi

Q= 5 ?{dzl_?e”(z*zq)2 k=1 4 CeA-AT (A)"k=1B K even,
i

Qx:=0, Q:=0, Kk odd.
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Recovery of potentials in the semidiscrete DNLS system

m recovery of potentials g, and rp

oKy K SRRy SRD
On = I=n k=n 7 Iy = I=n—1 _I=n
PO DU SLSLD P 3 Ky K

reflectionless case: separable-kernel Marchenko system and hence explicit solutions

closed-form, compact formulas for explicit solutions involving matrix exponentials
m “unpacking” matrix exponentials yields explicit solutions in terms of elementary functions

m animation of explicit solutions via Mathematica
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Recovery of potentials in the semidiscrete NLS system

m recovery of potentials g, and rp

_ kM _k®
Un = Kn(n+2)7 Vn = Kn(n+2)'

m reflectionless case: separable-kernel Marchenko system and hence explicit solutions
m closed-form, compact formulas for explicit solutions involving matrix exponentials
B “unpacking” matrix exponentials yields explicit solutions in terms of elementary functions

m animation of explicit solutions via Mathematica
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