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The Kadomtsev- . . .

Abstract

A preliminary . ..
First I'll talk briefly on “nonlocal equations” and Formal pseudo-. .
then I'll focus on the main subject of this presentation,

the Cauchy problem of the Kadomtsev-Petviashvili (KP)

The amazing . ..

KP and valuations

hierarchy.

KP in Geometry. ..
My main goal is to show that one can solve all the

equations of the KP hierarchy using a factorization of
an infinite dimensional Lie group of pseudo-differential
operators. This result can be studied in several con-

texts:



- Algebraic: formal pseudo-differential operators are
defined on algebras equipped with derivations and val-

uations, and the group is a formal object.

- Geometric: formal pseudo-differential operators
are defined on algebras equipped with a Frolicher (or
Fréchet) structure, and the group is a Frolicher Lie
group.

- Analytic: pseudo-differential operators are not for-
mal. The KP hierarchy is understood as a non-linear
equation on a Frolicher group built with the help of a

class of true pseudo-differential operators.
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1. Nonlocal equations

In the paper
“A new formulation of the initial value problem for nonlocal theories”, Nuclear

Physics B 845 (2011), 1-29,

Neil Barnaby considers the nonlocal equation

(0 +1)p = ag® . (1)

Let me take this example as motivation for the analytic study of nonlocal

equations

f(A)p=U(-¢) . (2)

So far the following has been achieved:

1. A good definition of classes G# of “symbols” f.
2. A good definition of domains H”(f) for the operator f(A).

3. Several existence theorems for regular solutions to Equation (2).

Here is a typical result:

Nonlocal equations




Theorem 1. Let us assume that o > 1 is a constant, that f € G° for B >
5 (O‘T_l), and that U is spherically symmetric with respect to x. Assume also
that there exist functions h € L*(R"™), g € L%(R”) such that the following
two inequalities hold:

U (z,y) +y| < C(|h(z)] + |y|?), g%@me+yN§Cxw@N+WP4)

for some constant C' > 0. Then, there exist 0 < e <1 and 0 < p. < 1 such
that, whenever ||h||z2@n) < pe, there is a radial solution u € HP(f) to the

equation
f(A)u—U(u) =0

with ||u||L%a(R") S €.

Nonlocal equations




Let me be specific about the class G: it is the set of measurable functions

f satisfying
(P) The function s — f(—s?) is non-negative.
(Es) There exist real numbers /3, R, M > 0 such that

B
2

M(1+|¢%)z < f(—¢?) for all £ with |¢] > R.

If one fixes f € G#, HP(f) is the set of all real-valued functions g on R"

such that g is measurable, the Fourier transform F(g) exists, and

/Rn [1+ F(=1EP)]* |F(g) ()P d < o0 .

It follows from the definition of H?(f) that H°(f) C L*(R™).

Nonlocal equations




The proof of Theorem 1 relies on a fixed point argument. It uses essentially
theorems on compact embeddings of Sobolev spaces of functions possessing

spherical symmetry.

More sophisticated results can be proven: Equation (1) can be studied in

the context of general LP-spaces.

This theory is summarized in the papers

1. Przemyslaw Gérka, Humberto Prado, Enrique G. Reyes “On a Gen-
eral Class of Nonlocal Equations”. Annales Henri Poincaré, May 2013,
Volume 14, Issue 4, pp 947-966.

2. Mauricio Bravo, Humberto Prado, Enrique G. Reyes, “Nonlinear pseudo-
differential equations defined by elliptic symbols on LP(R™) and the frac-
tional Laplacian”. Israel Journal of Mathematics, May 2019, Volume
231, Issue 1, pp 269-301.
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Let me go back to Barnaby’s paper. His example of nonlocal equation was
20+ 1)6 = ag?, (3)

in which « is a constant. In de Sitter space-time we have (0 = —9? — 30, for

a constant (3, and Equation (3) becomes
208489 (2 4 8D, — 1) = —aud? .

I take this as motivation for the study of ordinary nonlocal equations

f(@)o(t) = J(t) .
Now, trying to understand these equations I came across the papers
1. N. Barnaby and N. Kamran, Dynamics with infinitely many derivatives:

the initial value problem. J. High Energy Physics 2008 no. 02, Paper
008, 40 pp.

2. N. Barnaby and N. Kamran, Dynamics with infinitely many derivatives:
variable coefficient equations. J. High Energy Physics 2008 no. 12,
Paper 022, 27 pp.

These works led me to study Laplace transform!
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The main technical problem to be solved if one wishes to understand the

equation
f(B)o(t) = J(t) .

is to find a reasonable definition and domain for general operators of the form
f(0y). A first try was discussed in

P Gorka, H Prado and E G Reyes, “The initial value problem for ordinary dif-
ferential equations with infinitely many derivatives”. Classical and Quantum
Gravity 29 (2012) 065017 (15pp).

A better approach is in

Alan Chavez, Humberto Prado, Enrique G. Reyes, “A Laplace transform ap-
proach to linear equations with infinitely many derivatives and zeta-nonlocal
field equations”. Advances in Theoretical and Mathematical Physics 23 (2019),
1771-1804. (published online: May 15, 2020).
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Nonlocal equations

Let me mention the main tools used in the later paper:

1. The pth Lebesgue space LP(R,), 1 < p < oo, and the gth Hardy space
HY(C,).
2. The classic Representation theorem presented by G. Doetsch in

“Bedingungen fiir die Darstellbarkeit einer Funktion als Laplace-integral
und eine Umkehrformel fir die Laplace-Transformation”. Math. Z. 42
(1937), no. 1, 263-286.

Theorem 2.

(i) If ¢ € LP(R,), where 1 < p < 2, and ® = Laplace transform of ¢,
then ® € HY (C) with 1—1] I+ 1% =1.

(i) If & € HP(C,), where 1 < p < 2, then there exists ¢ € L (0, 00)
with %—I—Z% =1 such that ® = L(p). The function ¢ is given by the

wwversion formula

1 [" :
H(t) ;= lim —/ M (o +inYdy, >0,

v—00 2T “

in which the limit is understood in L” (R,).




The Doetsch correspondence allows us to define f(0;) as an operator from
LP(R,) spaces to HY(C, ) spaces and (for instance) to study the initial value

problem for the equation

O +h)p=J(t) t>0

and also for

O +n)p=J(t), t>0,

in which ( is the Riemann zeta function, although a full analysis of the second
equation requires a generalization of the theory. (Alan Chavez, Universidad de
Chile Ph.D. Thesis, 2018 & The Borel transform and linear nonlocal equations:
applications to zeta-nonlocal field models. With Alan Chavez and Humberto
Prado. Submitted, 2019).
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2. The Kadomtsev-Petviashvili hierarchy

My original question:
Given the equation u; = F(u, Uy, Ugg, - - - ), understand Peter Olver’s equa-
tion

Rt = [F*7R] 9 (4)

in which F} is the formal linearization of F,

E. :Zaijxm’

D, is total derivative with respect to z, and R is a formal pseudodifferential

R = Z akD];

—oo<k<N

operator,

whose coefficients are smooth functions on some jet bundles of E.

The Kadomtsev-. ..



Now, trying to understand (4), I learnt that one of the amazing observa-

tions about the KdV equation
duy = Ugpy + OUU,
is that it can be reformulated as the Lax equation
L, =[P L]
with

o\’ a\> 3 o 3

The Lax equation is similar to (4)!

So, instead of trying to understand (4) I decided to study Lax equations.

The Kadomtsev-. ..




Let L be the formal pseudo-differential operator

A (0 Y R
~ o8z " '\ Bz Y2 \ Bz Y

in which uq, ug, ..., are an infinite number of variables —to be identified with
dependent variables of systems of partial differential equations— and consider

the differential operator
(Lm)+ )

in which (+); indicates projection into the space of differential operators.

The Kadomtsev-Petviashvili (KP) hierarchy is the infinite system of equa-
tions

O, L=[L")+, L], m=1,23,---. (5)

m
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If m = 1, Equations (5) reduce to the infinite system of equations

0 0

a, Um = 7 Um, :172537"’7
ot ™ = gr o ™

and therefore we usually identify ¢; with the independent variable z.

For a fixed value of m, Equations (5) encode an infinite system of nonlinear
partial differential equations for dependent variables u, k = 1,2,3, ..., in two

independent variables, t,, and x.

Lemma 1. If L satisfies
O, L=[LT" L, m=1,2.3,...,

then
o, L°— 0, L" =[L",L%.

These systems of equations are generalizations of KdV!

The Kadomtsev-. ..




Example: If s = 3 and r = 2, the equation

&, L° — 8, L" =L, L]

can be written as

Bty = (duy — Uggy — BUUL),

for 2uy = u, ty =y and t3 =t.

This is the Kadomtsev-Petviashvili equation.

The Kadomtsev-. ..




The Kadomtsev-. ..

I take the previous discussion as motivation for the study of the Kadomtsev-
Petviashvili hierarchy of equations in a PDE sense: I wish to understand its

Cauchy problem.

I will show that the following plan can be carried out:

1. Define pseudo-differential operators in an algebraic context. Use them

to define an infinite-dimensional Lie algebra W(A).
2. Construct a group G(¥) with Lie algebra W(A).
3. Present a factorization result for the group G(¥).

4. Use the factorization to solve the Cauchy problem for the KP equations.




The Kadomtsev-. ..

Let me make a remark: working on this problem one learns the following:
The theory of infinite-dimensional Lie algebras is (well!) algebraic...

The theory of infinite dimensional Lie groups has a strong analytic flavour.
Key references for these topics are

1. Victor Kac, Infinite dimensional Lie algebras, 3rd edition, Cambridge
University Press (1990).

2. Laurent Guieu, Claude Roger, L algebre et le groupe de Virasoro: aspects

géométriques et algébriques, généralisations, Université de Montréal,
2007.




A typical Lie group question of importance for this talk is:

Given an infinite dimensional Lie group G with Lie algebra Lie(G),

Is there a well-defined exponential map from Lie(G) to G?

Answer: No! If G = Dif f(S'), then Lie(G) = Vect(S') and the exponential

map is not a local diffeomorphism.

An excellent reference is:

Boris Khesin and Robert Wendt,
The Geometry of Infinite-Dimensional Groups, Springer, 2009.
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3. A preliminary calculation

A preliminary . . .

Let us consider the Toda lattice

dL
— +[L,Bl=0
z T Bl=0,
in which
(ao by O - 0 o\
bO aq bl 0 0

0 bl Ao b2

bv_s an—3 bn_3 0

0 by—g an—2 byn_2

0 0 by an—:

and




B = upper triangular part of L — lower triangular part of L,

( 0 b 0 -~ 0 0 \
—bp 0 b 0 - 0
0 —b 0 0 .- 0
o . .
0 0 0 0
0 0 0 B
\ 0 0 —byo O

We use the following fact:

Every invertible matrix A € SL(n,R) can be written as a product,
A=QR,

in which @ € SO(n,R) is an orthogonal matrix and R is an upper triangular

matrix.

A preliminary . . .




Theorem 3. Given an initial condition Ly, we define matrices Q(t) and R(t)
via

explt Lo) = Q(t) R(t) .
The solution to the wnitial value problem

L
Cjl—t—l—[L,B]:O, L(0) = Ly,

L) = Q)™ Lo Q1) -

Reference: W.W. Symes, “Hamiltonian group actions and integrable sys-
tems”, Physica 1 D (1980), 339-374.
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4. Formal pseudo-differential operators and in-

finite dimensional Lie groups

Formal pseudo-. ..

We begin with the construction of formal pseudo-differential operators and
the Lie algebra W(A).

Definition of the Lie algebra W(A).

We let A be an associative and commutative K—algebra with unit 1, in which
K is an arbitrary field of characteristic zero. We assume that A is equipped

with a derivation, that is, with a K—linear map
D:A-> A
satisfying the Leibniz rule
RS D)) g + f - (Dg)

for all f,g € A.




Let & be a formal variable, not in A. The algebra of symbols over A is the

vector space

Ue(A) = {szZal,f”:a,,EA, a,,=0foru>>0}

vEZ

equipped with the associative multiplication

105
FeoQ: = Zkl 3£k
k>0

Multiplication on the right hand side is standard multiplication of Laurent

series in & with coefficients in A.

Formal pseudo-. ..




A is included in W¢(A), and for f € A we have

£ o f = f£71 — D(F)ens DRIV ERES

and more generally, for v € Z,

gVofzzl/(y—l)... v—Fk+1) (D*f) et |

(
o k!

so that the multiplication o mirrors the extension of the Leibniz rule to neg-

ative powers of the derivative D.
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The algebra of formal pseudo-differential operators over A is the set

\I/(A):{P:Zal,D”:al,eA, a,,zOforV>>0} :

veZ

in which a multiplication o is defined so that the map

Za,f” -y Za,,D”

veZ vEZ

from W¢(A) to W(A) is an algebra homomorphism.

The algebra W(A) is associative but not commutative.

It becomes a Lie algebra over K if we define

[P,Q]=PoQ—-—QoP.

Formal pseudo-. ..




Construction of a group G(V(A)) with Lie algebra W(A).
The Lie algebra W(A) admits a left A-module direct sum decomposition
V(A)=Da®Ia, (6)

in which Dy, is the Lie subalgebra of all differential operators of order greater
or equal to zero, and Z, is the Lie subalgebra of integral operators, that is,
the set of all formal pseudo-differential operators in W(A) of order at most
—1.

Goal: To construct formal Lie groups G(¥(A)), G4+(Da4), and G_(Z4) with
Lie algebras W(A), D4, and Z, respectively, and such that

G(¥(A)) = G4 (Da) - G(Ta) -

Formal pseudo-. ..




I use Motohico Mulase’s beautiful paper

Mulase, M.; Solvability of the super KP equation and a generalization of
the Birkhoff decomposition. Invent. Math. 92 (1988), 1-46.

I need to take a special algebra A:

Let R be a fixed commutative algebra over a field K equipped with a

derivation D.

A is the ring of formal power series over R in an infinite number of variables

T1, T2, -

Formal pseudo-. ..




Construction of A:

We consider a countable set of indices I, and we take T as the additive
monoid of all sequences of natural numbers t = (n;);c; such that n; = 0 except

for a finite number of indices.

A formal power series u € A is a function from T to R,

U = (Ut)teT

Consider an infinite number of formal variables 7;, i« € I and set 7 =

(71, T2, + -+ ). Then, the formal power series u is also written as

U = E UtTt.

teT

Formal pseudo-. ..




The set of formal power series A is a commutative algebra with unit, and

the derivation D on R extends to a derivation on A via

Du = E (Dut)’Tt. Formal pseudo-. ..

teT

lletiw = >, ru’ € A, u#0. If t = (n;)icr, we ECiR{N =T
The terms w; 7" such that | ¢ |= p are called terms of total degree p.

The formal power series u, is the series whose terms of total degree p are

those of u, and whose other terms are zero.

For a formal series u # 0, the least integer p > 0 such that u, # 0 is called
the order of u, and it is denoted by ord;(u). We extend this definition to the

case u = 0 setting ord.(0) = oo.




Lemma 2. The following properties hold: if u,v are formal power series Goualip=eld oty

different from zero, then

ordi(u 4+ v) = inf(ordi(u),ord:(v)) , ifu+v #0,

ordy(u+v) = inf(ordy(u),ord,(v)),  if ordi(u) # ordi(v),

ordy(uv) = ordi(u) + ordy(v) , if uv # 0.




Following Motohico Mulase (Inventiones Mathematicae 1988), we define Formal pseudo-. ..

the algebra

U(4) = {P=Za1Dl:aleAandEIC'ER+,N€Z+
leZ
so that ordi(a;) >Cl— N VI> 0}

and the subalgebra

13A={P:Za,Dl;Pe@(A)andal=0for1<o} .

leZ




Two fundamental observations (M. Mulase):

Proposition 1. Define:

G4 — NS

TU(A)* ={P € U(A) : Pli_g € Ga},
and

D ={PeDy:Pleg=1}.

Then, U(A)* and Zsz are formal Lie groups: each element P in W(A)* or

D’ has an inverse of the form

Formal pseudo-. ..




Recall that we write G(x) for “The formal Lie group of *”.

Proposition 2. We have

and

G5 e
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5. The amazing Mulase’s factorization theo-

rem

Theorem 4. For any U € G(V(A)) there exist unique W € G(Z,) and
Y € G(Da) such that
U=w1ly.

In other words, there exists a unique global factorization of the formal Lie

group G(V(A)) as a product group,

G(¥(A)) = G(Za) - G(Da) -

This theorem allows us to solve KP as follows:
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Nonlocal equations

Theorem 5. Consider the KP system of equations

The Kadomtsev-. . .

dL A preliminary . ..
- = [(L%)4, ] (7) preliminary
k Formal pseudo-. ..
with initial condition L(0) = Lo € V(A), and let

KP and valuations
Y € Gy =G (Da)

KP in Geometry . ..

and

S€G_=G_(Is)

be the unique solution to the factorization problem
exp(ty (Lo) ¥) = S7 (tr) Y (te) .
The unique solution to Equation (7) with L(0) = Ly is

Lty) =Y Ly Y.



This is the most elementary algebraic version of the Cauchy
problem for the Kadomtsev-Petviashvili hierarchy. Note that no
claim on “smoothness” is made.

Now we will see a more sophisticated version using algebras
equipped with valuations. One reason why this is interesting is
because it is an instance of non-archimedean methods being used
in “standard” mathematics.
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6. KP and valuations

Let A be an associative K-algebra with unit 1, in which K is a field of
characteristic zero. A is equipped with a derivation and we consider the

algebra of formal pseudo- differential operators P =" _ a, D" over A.

co<Vv<N

We assume that A is equipped with a valuation:

Definition 1. A valuation on an algebra A is a map 0 : A — ZU{oo} which
satisfies the following properties for all a,b in A and k € K:

e o(a) =00 if and only if a =0, and o(1) =0

o o(ab) =o(a)+o(b), and o(ka) = o(a)

o o(a+b)>min(c(a),a(b)).

KP and valuations




A valuation equips A with a topology. For a € Z and zy € A we set
Va(zo) ={x € A:o(x — x9) > a};

the collection {V, (x¢)}acz is a basis of neighbourhoods for a topology on A.

This topology is metrizable: we define the absolute value |z| = ¢ for a

fixed real number 0 < ¢ < 1, and the metric d(z,y) = |z — y|.

Convergence in the metric space (A,d) is different from convergence in

standard analysis! For example,

The sequence {a,}n>0 is a Cauchy sequence if and only if

lim |a,11 — an| =0
n—oo

KP and valuations




We assume that derivation D is compatible with valuation o:
o(D(x)) > o(zx) for all z € A or, |[D(a)| < |a| for all a € A.
We let A be the completion of the metric space (A,d), we extend the

derivation D to a continuous derivation on A, and we extend the valuation o

to a valuation 6 : A — R U {oo} satisfying
1. 6(z) =o(x) forz € AC A.
2. The range of ¢ is exactly the range of o.

3. 6 is continuous in the topology of A induced by |-|.

KP and valuations




Two structures associated to the valuation & on A:

e The closed subring O; = {a € A : 5(a) > 0},

KP and valuations

e The two-sided ideal P4 = {a € O4: d(a) > 0}.
The derivation D on A is compatible with the valuation &, and so

D('PA) C PA-

It follows that D is well-defined on the quotient ring O;/P;. We let

m: 04— O4/P; be the canonical projection.




Definition 2. The spaces of formal pseudo-differential and differential oper-

ators of infinite order are, respectively,

\T/(fl) = {P = ZaaDa a, € A and 3Ap, Bp € R and

a€Z
Mp,Np,Lp € Z" so that

Ap

Mp > Np, |as| < Va> Mp, and

@ — IVp
lao| < Bp ¥V o < —Lp}

and

a€Z

ﬁAz{P=ZaaD°‘:P€\/I}(A) andaa:Oforoz<O} .
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The use of the completion A instead of A in Definition 2 is crucial in order to

equip {I\I(/Al) with an algebra structure.

The growth conditions in (2) are needed in the construction of a group of
formal pseudo-differential operators of infinite order and of an exponential

map.

The definition of |-| implies that A is contained in W(A).
Lemma 3.
1. The space U(A) has an algebra structure and ﬁA is a subalgebra of U(A).

2. The set 1 + 1o, /p, 1S a group.

KP and valuations




IfP=Y,.,aD" €W (0,;) weset n(P) =3, ., m(a,)D".
Definition 3. We define the spaces

G(O,) = {P e U(0;): m(P) € 1+IOA/7>A}

KP and valuations

and

GL(0;) = {P € ﬁoA :m(P) = 1} .

Proposition 3. The space G(O4) is a group: each element P € G(Oy) has

an inverse of the form

P=(1-P).

n>0

In addition, the space G4(Oy) is a subgroup of G(O ).




Proposition 4. The group G_(O;) = 1+Zo, is a formal Lie group with Lie

algebra Zo .. The exponential map
P n
exp: P €Zo, HZ% e G_(0y),
neN )

in which s € K, is one-to-one, onto, and invertible.

Theorem 6. For any U € G(O,) there exist unique W € G_(O4) and
Y € G4(Oy) such that
U=wly.

In other words, there exists a unique global factorization of the formal Lie

group G(O}) as a product, G(O;) = G_(0;) G4(O,).

KP and valuations




Solution to the Cauchy problem for the KP hierarchy:

Theorem 7. Consider the KP system of equations

dL
2 (e ®
with inatial condition Lo =", ., a,D” € W(Oy) such that
d(a,) > 1 for allv > 0.
LetY € GL(O4) and S € G_(Oy) be the unique solution to the factorization
problem
£
U=exp(te Lg) =) # (L =571y .
n>0

The unique solution to Equation (8) with L(0) = Lg is

Lty) =Y LoY ™.

KP and valuations




7. KP in Geometry and Analysis

7.1. KP and Frolicher spaces

Definition 4. Let X be a set.
e A p-parametrization of dimension p on X is a map from an open subset
O of R to X.
e A diffeology on X is a set P of parametrizations on X such that, for all
peEN,

- any constant map RP — X is in P;

-if {fi : O; = X}ier is a family of compatible maps that extend to a map
FiUic;Oi = X and {f; : O; = X}ier CP, then f € P.

- Let f € P, defined on O C RP. Let g € N, O an open subset of R? and
g a smooth map (in the usual sense) from O" to O. Then, fog € P.

- If P is a diffeology on X, then (X, P) is called a diffeological space.
Let (X,P) and (X', P') be two diffeological spaces; a map f : X — X' is
smooth if and only if foP C P'.

Diffeologies were introduced by Jean-Marie Souriau.

Nonlocal equations
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JEAN-MARIE SOURIAU
Un algorithme générateur de structures quantiques

Astérisque, tome S131 (1985), p. 341-399
<http//www.numdam.org/item?id=AST_1985__5131___341_0>

© Société mathématique de France, 1985, tous droits réservés.

L’acceés aux archives de la collection « Astérisque » (http:/smf4.emath.fr/
Publications/Asterisque/) implique 1 accord avec les conditions générales d uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.
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Nonlocal equations

The Kadomtsev-. . .

A preliminary . ..
A recent treatise on diffeologies is Formal pseudo- . ..
Patrick Iglesias-Zemmour, Diffeology AMS Mathematical Surveys and Mono- The amazing . ..
graphs 185 (2013) KP and valuations
“Diffeology is an extension of differential geometry. With a minimal set of AP i Caainstiygo o

axioms, diffeology allows us to deal simply but rigorously with objects which
do not fall within the usual field of differential geometry: quotients of man-
ifolds (even non-Hausdorff), spaces of functions, groups of diffeomorphisms,
etc. The category of diffeology objects is stable under standard set-theoretic
operations, such as quotients, products, coproducts, subsets, limits, and col-
imits. With its right balance between rigor and simplicity, diffeology can be a
good framework for many problems that appear in various areas of physics.”

“Actually, the book lays the foundations of the main fields of differen-
tial geometry used in theoretical physics: differentiability, Cartan differential
calculus, homology and cohomology, diffeological groups, fiber bundles, and

connections.”




Diffeologies appear in Algebraic Topology: K.T. Chen, Iterated Path Integrals.
Bulletin AMS 83 (1977), 831-879,

and in General Relativity: C. Blohmann, M.C. Barbosa Fernandes and A. We-
instein, Groupoid symmetry and constraints in General Relativity. Commun.
Contemp. Math. 15, 1250061 (2013) [25 pages].
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We use the following subcategory of the category of diffeological spaces:

Definition 5. A Frélicher space is a triple (X, F,C) in which

- C is a set of paths R — X,

- F is the set of functions from X to R

satisfying:

- A function f : X — R is in F if and only if for any ¢ € C, foc €
C*(R,R);

- A path ¢ : R — X is in C if and only if for any f € F, foc € C°(R,R).

Let (X, F,C) and (X', F',C") be two Frélicher spaces; a map f: X — X’
is differentiable if and only if

F'ofolCcCC®R,R).

Smooth Manifold = Frolicher space =- Diffeological space
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Our smooth solution to the Cauchy problem for KP appears in

Well-posedness of the Kadomtsev-Petviashvili hierarchy, Mulase factorization,

and Frolicher Lie groups.

Jean-Pierre Magnot and E.G.R.; Annales Henri Poincaré 21 (2020), no. 6,
1893-1945.

We build regular Frolicher Lie groups and Lie algebras of formal pseudo-
differential operators in one independent variable. We actually need to adapt
Mulase’s constructions so as to obtain groups and algebras with Frolicher

structures.

Combining these constructions with a smooth version of Mulase’s algebraic
factorization, we prove the well-posedness of the Cauchy problem for the

Kadomtsev-Petviashvili (KP) hierarchy in a smooth category.
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We can also generalize these results to a KP hierarchy modelled on formal
pseudo-differential operators with coefficients which are series in formal pa-
rameters, we describe a rigorous derivation of the Hamiltonian interpretation
of the KP hierarchy, and we discuss how solutions depending on formal pa-
rameters can lead to sequences of functions converging to a class of solutions
of the standard KP-I equation

3 1
Zuyy — (ut — Zum; — Sxmu) =0.
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Theorem 8. Consider the KP system

dL

= [@9e1] )

with initial condition L(0) = Ly. Then,

1. There ezists a pair (S,Y) € G, x D(A;)* such that the unique solution
to Equation (9) with L(0) = Lg is

L(ty,ta,ts,---) =Y LoY ™' = SLeS™.

2. The pair (S,Y) is uniquely determined by the decomposition problem

exp (Z tk(Lo)k> = §=h

keN
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Nonlocal equations
The Kadomtsev-. ..
A preliminary . . .

3. The solution operator L is smoothly dependent on the variable t = Formal pseudo-...

(t1,t2,- -+ ) and on the initial value Lo. This means that the map The amazing . ...
KP and valuations
(Lo,s) € @+ T (R) XT =Y | DL | € (0+ T (AN KP in Geometry. .

neN \ [t|=n

1s smooth, in which s € T = U,enK" and this set is equipped with the

structure of locally convex topological space given by inductive limit.
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We pose the KP equations (9) on a Frélicher algebra W(A;) and we solve
the Cauchy problem for (9) using an analytically rigorous factorization in
Frolicher Lie groups of an infinite-dimensional regular Frolicher Lie group

G(U(Ay).



7.2. KP and rigorous pseudo-differential operators

So far, the operators under consideration are formal pseudo-differential oper-

ators.

They are called “formal” because they cannot be understood as operators

acting on smooth maps or smooth sections of vector bundles.

Any classical non-formal pseudo-differential operator generates a formal
operator, but there is no canonical way to recover a non-formal operator from

a formal one.

Is there a non-formal KP equation?
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Nonlocal equations

The Kadomtsev-. . .

A preliminary . . .
Yes: The non-linear equation Formal pseudo- . ..
dL The amazing . . .
. k
— = [(L")+, L] (10) :
dtk KP and valuations
can be posed on groups built via groups of pseudo-differential operators.

Working with this group we can:

1. prove an analogue of the Mulase decomposition;
2. introduce a parameter-dependent KP hierarchy;

3. solve its corresponding Cauchy problem.
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