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implies Brody: By the distance decreasing property, for every
a,beC, dy(f(a),f(b)) < dc(a,b) =0. Hence, since dy is
a distance, f(a) = f(b), which implies that f is constant.
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@ Picard hyperbolicity. If the “A*-extension property” holds,
then M is said to be Picard hyperbolic, ,i.e., Every
holomorphic map f : A* — M extends to a holomorphic map
f: A — M. Kwack and Kobayashi proved that if M is
Kobayashi hyperbolic and is also hyperbolically embedded in
some compactification M, then M is Picard hyperbolic.
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algebraically hyperbolic if X has such property). Outline of the
proof: Let kx be the Kobayashi-Royden infinitesimal pseudo-norm
on X. 3¢ > 0such that ¢ - || < kx. Denote by og the
metric form on R with constant curvature of —1. By the
distance decreasing properties for Kobayashi distances,

kx (f€) < kr(§) < c||£]|ox for some ¢ > 0. Hence

allfiéll < clléllop. Thatis c?og > c2f*(w). Therefore, by taking
the integration over R and using the fact (Gauss-Bonnet formula)
that fRO'R = —fR Kror =2g — 2.
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have
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where fi¢(D) is the number of points of f (D) on X and g is the
genus of R.  Pacienza-Rousseau (J. Reine Angew. Math., 2007)
proved that X\D is hyperbolically embeddable in X = (X, D) is
algebraically hyperbolic. Note: Brody hyperbolic <= Kobayashi
hyperbolic <= X\D is hyperbolically embeddable (strongest
condition). Ariyan Javanpeykar's recent series of papers for (X, D)
(especially the recent paper with A. Levin) assumes that X\D is
hyperbolically embeddable.
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@ Lang's conjecture: #X(k) < oo (Mordellic) over k for every
number field k if X is defined over Q and is hyperbolic. The
method in the arithmetic on proving the finiteness of rational
points is try to bound the height and then use the Northcott’s
theorem.

@ Ariyan Javanpeykar recently had a series of papers about the
arithmetic and geometric properties for an algebraic
hyperbolic X (the height inequality plays an important role).
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f:C— X\D is constant. So Brody hyperbolicity involves the
transcendental case. To get a quantitative statement (height
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e Nevanlinna 1929: Let f be meromorphic (non-constant) on
C and ay,...,aqg € CU{oo} distinct. Then, for any § > 0,

q
(g —2)Tr(r) <exc ZN{(f, aj) + log T¢(r) + dlogr.
j=1

e H. Cartan, 1933 Let f : C — P"(C) be a linearly

nondegenerate holomorphic map. Let Hy,..., H, be
hyperplanes on P"(C) in general position, then, for 6 > 0,

(@ (1 +1)THr) e Y N(r, Hy)
j=1
+ <n(n2+1)> (log T¢(r) + dlogr) + O(1).
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e Siu-Yeung, 1997 (Noguchi-W-Y). Let A be an abelian
variety and D be an ample divisor on A. Let f : C — A be
holomorphic with f(C) ¢ D. Then

k
Tr.0(r) <exe N¥¥(r, D)+ C(log" Tr.p(r) + dlogr) + O(1).
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To extend the notion of algebraic hyperbolicity to the
transcendental case, we replace R with an open parabolic Riemann
surface. A non-compact Riemann surface Y is parabolic if it
admits a parabolic exhaustion function o : Y — [0, 00) such that
log o is harmonic outside a compact subset of Y. Here we
restrict it to a special case, i.e., we further assume that
@ log o is harmonic outside possibly a finite set
Y ={P1,...,Pc}onY.

@ At each P; € ¥, in a coordinate chart (U, z) centered at P;
that does not contain other points in X,
log o(z) = kilog |z| + hp,(z), where hp, is a harmonic function
on U.

Let B(r) :=={y € Y :0o(y) <r} and
S(r):={yeY:o(y)=r}. Letdu,=dlogols. Let
G = fs(r) dur, which is is independent of r for r large enough.
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X,(r) = /1rxg(t)dt.

t

Fixing a nowhere vanishing global holomorphic vector field £ on
Y, we define

&(r) = /5 o8 1do(©Pdr,

where, for a positive real number x, log® x = max{0, log x} and
log™ x = —min{0,logx}. We say that (X, D) is Nevanlinna
hyperbolic if there is a positive (1,1)-form n on X such that for
any parabolic Riemann surface Y and every holomorphic map
f:Y — X with f(Y) ¢ D and for § > 0, one has

Trn(r) <exc Ne(r,D)=%X5(r) + (6 + 25) log r + &,(r) + O(1).
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X,(r) =logr,&,(r) = O(1), so the error term is just

dlogr+ O(1). In particular, if f(C) omits D, then

Tt y(r)) <exc 0logr+ O(1), so f is constant. Hence Nevanlinna
hyperbolicity = Brody hyperbolicity. Also it is known that if
f:C— A(r) — P"(C) is holomorphic and T¢(r, r1) <exc O(logr),
then f can be extended to a holomorphic map from

CU{oo} — A(ry) to P"(C) (M. Green (1975), Siu (2015)). Hence
Nevanlinna hyperbolicity = Picard hyperbolicity. (big Picard
extension property).
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Let R be a compact Riemann surface with genus g and
f : R — X be holomorphic map with f(R) ¢ D. We need to show
that

/ f*w < Af(D) + max{0,2g — 2}
R

for a positive (1,1)-form w on X that is independent of R and f.
Fix a point Q € R such that f(Q) ¢ Supp(D). Riemann-Roch
Theorem = 3 a non-constant meromorphic function 1) on R with
a single pole at @ of order less than or equal to g + 1.  Applying
Nevanlinna hyperbolicity with Y := R\{Q} and o := |¢|,noticing
¢ < gTH and &,(r) = O(1), there exists a positive (1,1)-form 7
on X such that

Ten(r) <exc Ne(r, D) — Xo(r) + (6 + g + 1) log r + O(1). Note
Xo(r) = [{ xo(t)%, where x4 (t) is the Euler characteristic of the
domain B(t). Hence,

lim, o0 3|€gg(rr) =x(R—{p}) = x(R) —1=1—2g. From here, we
can derive the desired inequality.
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So the notion of Nevanlinna hyperbolicity links and unifies the
Nevanlinna theory, the complex hyperbolicity (Brody and
Kobayashi hyperbolicity), the big Picard type extension theorem
(more generally the Borel hyperbolicity), as well as the algebraic
hyperbolicity.
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The hyperplane case

Theorem. Let HH be a finite set of hyperplanes in P"(C). Let

|H| := UpegcH. Then (P"(C), |H]|) is a Nevanlinna hyperbolic if
and only if P"(C)\|H]| is Brody hyperbolic.
The proof of this theorem goes as follows:  Recall that, in Min
Ru, Amer. J. of Math. (1995), a set of hyperplanes H (or linear
forms L) is called non-degenerate if (1) dim(£) = n+1; (2) For
any proper non-empty subset £ of £

(Ll)ﬁ(ﬁ—ﬁl)ﬂﬁ#@.

In 1995, we proved that P"(C)\|H]| is Brody hyperbolic if only if
H is non-degenerate.  So our approach is to show that
(P"(C),H) is a Nevanlinna hyperbolic if H is non-degenerate.
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Thus, Tra(r) = [7 (f<ioi, F0) % < Clogr.
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But, by the standard Nevanlinna theory trick (Green-Jensen and
calculus lemma), we can get (logarithmic derivative lemma)

TRicwy-1(r) Sexc (146)? log Toy,. (r)—X4(r)+(5+25) log r+ O(1).

This derives our desired inequality.



Some new result

Urata's type theorem:

Theorem. Let X be a smooth projective variety over C and let

D C X be a divisor such that (X, D) is Nevanlinna hyperbolic. If
C is a smooth quasi- projective connected curve over C with
smooth projective model C, ¢ € C(C), and x € X(C), then the set
of morphisms f : C — X with f(C) C X and f(c) = x is finite.
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Theorem. Let V be a Cohen—Macaulay complex projective variety
of dimension n. Let Dg, D1, ...,D,, r > n+ 1, be effective Cartier
divisors of V in general position. Suppose that there exist an
ample Cartier divisor A on V and positive integers d; such that
Di=diAand d; > dyforall0<i<r. Let f:C— X bea
holomorphic map. Assume that the following

(i) r>(n+1)?and Zf*D; < Do+ O(1) forall i =0,....r;
or

(i) r>n?>+n+1land Y/ 1C}r‘*D <1l %1 Do+ O(1).

Then f is constant.



As a special case of the above Theorem, we get

Theorem. Let n > 2, F,...,F,, G € C[Xq, ..., X;] be polynomials in
general position (i.e. the associated hypersurfaces are in general
position) with deg(F;) > deg(G) for i =1,...,r. Let hy,..., h, be
holomorphic functions on C such that one of the following holds

(i) r> "(";3) and g%zllz:)) is holomorphic, for i = 1,...,r; or

(ii) r > % and % is holomorphic.
i=1 geeetin

Then [hy : -+ - : hp] is constant.



